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(Abstract) 
Alkali-aggregate reaction (AAR) is a chemical reaction between alkalis in concrete and 
certain alkali-reactive substances which are occasionally present in the aggregate. AAR 
produces a gel, which absorbs water, swells, inserts local stresses, and causes internal and 
external cracking in the concrete. 
Research on the reaction has been extensive. However, little research into the structural 
effects of AAR has been carried out and the effects are not yet adequately understood. The 
present research is to investigate the structural effects of AAR and to develop a numerical 
method for the analysis of the affected members. 
AAR affects the structural performance of reinforced concrete members in the following 
ways. 
• The expansion of AAR induces stresses in concrete and reinforcement and alters the 
bond stresses between the reinforcement and concrete. 
• AAR changes the material properties of the concrete. 
• AAR changes the bond properties between reinforcement and the concrete. 
To analyse an AAR affected member, the expansions within the member due to AAR have 
to be known. The main feature of AAR expansion is its stress dependency. This necessitates 
an expansion analysis to take into account the expansion and stress history of the concrete. 
A model for AAR expansion analysis is proposed, in which the basic variable is the free 
expansion and the restrained expansion of a concrete is governed by an instantaneous stress-
expansion relationship. This model has been proved to yield good results. 
Experimental work to verify the assumptions made in the expansion model and also provide 
information on the deterioration of material properties of the affected concrete is described 
Material models are proposed based on the test results. 
The expansion model and the material models have been incorporated into a non-linear 
finite element computer program. Analytical results show good agreement with test data. 
The results of numerical studies carried out on singly reinforced beams conditioned with and 
without loading are given. The characteristics of structural performance of the beams found 
in the numerical studies are in general agreement with those found in laboratory and field 
testing. The numerical studies have helped to improve understanding of the effects of AAR 
on structural members. 
The method developed could be used to assist the future research and the appraisal of in-
situ affected structures. 
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NOTATION 
3 8 =element displacement vector. 
A, = area of concrete. 
A. = area of reinforcement. 
8 = nodal displacement-strain transformation matrix. 
8 1 = sub-matrix of B. 
D= stress-strain matrix. 
E = Young's modulus. 
Eo = initial Young's modulus of unaffected concrete. 
E.,= initial Young's modulus of AAR affected concrete. 
E. = Young's modulus of reinforcement. 
E8 = effective modulus of AAR gel. 
fc' = uniaxial compressive strength of concrete. 
( = uniaxial compressive strength of concrete affected by AAR. 
f... = cracking stress of concrete. 
f. = uniaxial tensile strength of concrete affected by AAR. 
f, = uniaxial tensile strength of concrete. 
Gf = fracture energy of concrete. 
H' = derivative of effective stress with regard to effective plastic strain. 
I = second moment of area. 
11 = frrst stress invariant. 
J = J acobian matrix. 
12 = second deviatoric stress invariant. 
Ke = element stiffness matrix. 
L = sub-matrix of coordinate transformation matrix T . 
m = modular ratio. 
N = shape function. 
P = plastic potential. 
s = area of cracked surface. 
t = thickness or time. 
T = coordinate transformation matrix. 
u, v = transverse d.isplacements. 
u1, v1 = transverse d.isplacements of node i. 
V=volume. 
w = crack width. 
w1 =weight coefficient for quadrature point i. 
wp =plastic work. 
x, y = Cartesian coordinates. 
E =strain. 
E = strain vector. 
dEce, .t:\Ece = incremental strain of concrete due to stress. 
dEu, &ex = incremental strain during restrained expansion. 
dE~, .6£~ = incremental strain during free expansion. 
Eo = peak strain of unaffected concrete. 
IX 
£.,= peak strain of AAR affected concrete. 
£ .. = concrete strain due to stress. 
£ ... = strain when crack occurs. 
£.,. = crushing strain for AAR affected concrete. 
£. = elastic component of uniaxial strain £. 
£. = vector of elastic components of strain £. 
Eex = restrained expansion. 
£: = free expansion. 
e!~ = total free expansion. 
e!xy = expansion at yield of reinforcement. 
£., = strain normal to crack. 
£p = effective plastic strain. 
EP = plastic component of uniaxial strain £. 
EP = vector of plastic components of strain £. 
Ey = yield strain of reinforcement. 
dA. =plastic multiplier. 
l;, 11 = local curvilinear coordinates. 
p =reinforcement ratio. 
cr = uniaxial stress. 
cr =stress vector. 
,a = effective stress. 
<J1, <J2 =principal stresses. 
crc = stress in concrete. 
cr~ = stress at which expansion is zero. 
crn = stress normal to crack. 
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Chapter 1 Introduction 
Over the last two decades, a large number of concrete structures has been found to be 
affected by alkali-aggregate reaction (AAR), in many countries. This has caused a great deal 
of concern to owners and the construction industry. The effort put into research of AAR 
has been enormous. However, research into the structural effects has been relatively small 
and the effects of AAR are not yet adequately understood. Many problems remain unsolved. 
Before this work, there was no method available for the analysis of AAR affected reinforced 
concrete structures. This situation has hampered engineers responsible for appraising and 
managing the affected structures. 
AAR is a chemical reaction between alkalis in the pore solution of concrete and certain 
alkali-reactive substances which are occasionally present in the aggregate. AAR generally 
includes alkali-silicate reaction, alkali-carbonate reaction and alkali-silica reaction. From a 
structural point of view, all the AARs have one feature in common, that is they all produce 
a substance within the concrete, which is capable of imbibing water, expanding and causing 
cracks inside and on the surface of the concrete. Deterioration due to the alkali-silica 
reaction is more common than deterioration due to either the alkali-silicate reaction or the 
alkali-carbonate reactions. Deterioration of concrete may also be caused by the combination 
of different AARsHobbss. In this thesis, the type of alkali-aggregate reaction is not generally 
distinguished, except where it needs to be clarified. 
AAR affects the structural performance of reinforced concrete members in the following 
ways. 
• AAR causes cracking, which could affect both durability and capacity. 
• The expansion due to AAR induces stresses in concrete and reinforcement and alters the 
bond stresses between the reinforcement and concrete. 
• AAR changes the material properties of the concrete. 
1 
• AAR changes the bond properties between reinforcement and the concrete. 
Due to these effects, the behaviour of AAR affected concrete members often appears to be 
different to that of members without AAR. For example, it has been often reported that 
testing on cores drilled from affected structures showed significant deterioration of the 
concrete properties, whereas load testing on the structure showed that its performance had 
not been noticeably affectedHobbss. The effects of AAR vary with the type of member. For 
example, for some beams without shear reinforcement, the shear strength of the beam is not 
significantly affectedCope9l, whereas for some prestressed beams without shear 
reinforcement, significant reductions in shear strength have been reportedclay90. The effects 
of AAR on capacity in some members appears to be beneficial, e .g. 130% increase in the 
load capacity of beams due to AAR has been observed by Bach8ach9l, while in others 
detrimental effects have been observed, e.g. beams failed due to the lap bond failure with a 
large reduction in the member strengthCMna9l. Rigd92• Even for the same type of failure, AAR 
can have a variable influence, e.g. the detrimental effect of AAR on lap bond strength 
appears to be more significant for reinforcement with shorter lap lengths than for 
reinforcement with longer lapsCMna91• Rigd92. 
The complexity of the behaviour of AAR affected members is often attributed, qualitatively, 
to the change of stresses within members due to expansion. However, to understand the 
performance of AAR affected members, further quantitative information is required. To this 
end, a numerical method, such as finite element analysis, is considered to be useful, in 
conjunction with the results of experimental investigations, in improving understanding of 
the effects of AAR on the structural performance of concrete members. 
The objectives of the research are to investigate the structural effects of AAR and to 
develop a numerical method for the analysis of affected members. 
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Two major effects of AAR on structural performance have been investigated and nwnerical 
models proposed. These are AAR expansion and material deterioration due to AAR. The 
concrete primarily considered in the present research is the "SERC/BRE Bridge concrete" 
designed by the Building Research Establislunent, for the nationally co-ordinated research 
programme to study the affects of AAR on structures. The proportions of the concrete are 
given in Table 4.1. 
Realistic predictions of structural response would not be possible, without a reasonable 
estimation of the expansion distributions within an affected member. The expansion 
analyses, however, are made difficult by the interaction between expansion and stress. The 
expansion of affected concrete is sensitively influenced by stresses. For example, for the 
SERC/BRE Bridge concrete, the free expansion can be as high as 4 mm/m whereas a 
compressive stress of 5 N/nun2 would prohibite the expansion in the direction of the stress, 
Fig.l.l aay90. The stresses in a concrete generally vary as expansion proceeds, due to the 
restraint from the reinforcement and other sources. The interaction between expansion and 
stress necessitates account being taken of the history of the expansions and stresses over a 
structure. 
An expansion model, which is suitable for an incremental analytical approach, has been 
proposedMaY91 • A detailed description of the expansion model and comparisons of the 
analytical results using the model and test data are described in Chapter 3. 
Chapter 4 describes experimental investigations carried out to verify the proposed model 
and to obtain information on the material properties of the affected concrete. 
A uniaxia1 stress-strain relationship for the affected concrete in compression is proposed in 
Chapter 4, based on the experimental investigations. The relationship is based on four 
material properties: initial Young's modulus, compressive strength, peak strain and ultimate 
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crushing strain. The deterioration of material properties are related to the restrained 
expansion of the concrete. Models for the material properties are also given in Chapter 4. 
A non-linear, finite element method, which incorporates the expansion and the material 
models is described in Chapter 5. In Chapter 6, analytical predictions using a computer 
program developed to use the method are presented and compared with experimental 
results. A parametric study of singly reinforced beams is also presented in Chapter 6. 
Chapter 7 gives the summary of, and the conclusions from the present research. Further 
development of the proposed approach and applications of the computer program in future 
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Chapter 2 Literature Review 
2.1 INTRODUCTION 
AAR was first recognised as a cause of concrete deterioration by an American engineer, 
Thomas E. Stanton, in the late 1930s when a number of concrete structures, showing severe 
surface cracking, in California, USA were investigatedstan40. The discovery started research 
in the United States. In the 1940's and 1950's, research on AAR was also carried out in a 
number of countries outside the USA. These included Denmark, where a few cases of AAR 
were found, Australia, and the United Kingdom. During the 1970's and 1980's, however, an 
increasing number of concrete structures affected by AAR were reported all over the world. 
According to an Institution of Structural Engineers reponl>ora92, the number of countries 
where AAR affected concrete structures have been found is now over 35. Table. 2.1 lists 
some of the countries and examples of the affected structures. 
In the mainland of UK., the first series of cases of AAR were diagnosed in 1976. These were 
concrete foundation blocks at three electricity substations in south west EnglandPabn?S. Since 
then, the reaction has been found in about 150 structures in most parts of the UK.0 ora92. 
According to HobbsHobb93, more than two thousand papers have been published on the 
subject of AAR, all over the world, describing the results of the tremendous amount of 
resources and effort put into the research and management of affected structures. The 
literature can be divided into four categories: 
• Nature of the reaction, 
e.g. chemical mechanism of AAR and AAR expansion; the physical properties of the 
product of the reaction. 
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• Preventive measures, 
e.g. methods for identifying the potential reactivity of aggregate; 
measures such as restricting the alkali content of cement and total alkali in 
concrete mix; use of cement replacement and additives. 
• Diagnostic technology, 
e.g. petrographic examination; 
Microscopic examinarion(Stereoscopic or SEM analysis). 
• Management of affected structures, 
e.g. appraisal of structural effects of AAR; 
measures to slow down the reaction; 
repair techniques. 
For the purpose of the present research project, the objective of which is to develop a 
nwnerical approach for the analysis of reinforced concrete structures affected by AAR, the 
emphasis of the literature review is placed on the aspects that directly affect the structural 
performance of the concrete with AAR, namely 
• Characteristics of AAR expansion. 
• Mechanical properties of the affected concrete. 
• Structural performance of members or structures. 
Before discussing the above, the literature regarding the mechanism of AAR is briefly 
reviewed 
2.2 MECHANISM OF AAR 
AAR can be divided into three categories: alkali-silica reaction, alkali-silicate reaction and 
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alkali-carbonate reactionHobbss. 
Alkali-silicate reaction was first recognised in Canada in the 60sRose86• 001•69. A small 
number of instances have also been reported from some other countries including the 
UK.Fn:n86. 
Alkali-silicate reaction is believed to be a reaction between metal alkalis and inter-layer 
precipitate in phyllosilicates which are often present in greywackes, argillites, feldpathic 
sandstones and phyllites. The hypothesis is that the interlayer precipitate is a mineral related 
to vermiculite which is extractable after the reaction with alkalis. After removal of this 
precipitate, the exfoliated phollysilicate is then able to take up moisture and expand. 
Alkali-silicate reaction is generally slow compared to alkali-silica reaction. The mechanism 
of the reaction is not yet properly understood. There are different opinions as to whether 
the reaction is related to alkali-silica reaction and, therefore, should be classified as a slow 
rate alkali-silica reactionTang92a. Shay92a. 
Alkali-carbonate reaction was first reported to be the cause of damage on a number of 
concrete structures in Canada by Swenson in 1957swenS7. However, no significant cases of 
alkali-carbonate reaction in the UK have been reported0 or•92. The reaction involves metal 
hydroxides, dolomite and certain clay minerals. The expansion due to alkali-carbonate 
reaction is caused by the clay imbibing water. 
Alkali-silicate reaction and alkali-carbonate reaction are less common and less well 
understood than alkali-silica reaction which has, in recent years, drawn considerable 
attention and most of the publicity about AAR. 
Alkali-silica reaction (ASR) is a chemical reaction between alkalis in the pore water of 
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concrete and certain forms of silica in the aggregate. The expansion due to ASR, however, 
is a result of a physical chemical process in which the product of the reaction takes in water, 
through osmotic pressure, and expands. Thus, three constituents - alkali, silica and water 
- are essential for any detrimental ASR expansion to occur. 
The process of ASR may be described as occurring in four stages: 
• Development of a high concentrations of alkali hydroxides in the pore solution 
during cement hydration. 
• Formation of the gel: the alkali-aggregate reaction. 
• Gel expansion: a physical chemical process. 
• Further crystallization of the gel. 
The high concentrations of alkali hydroxides build up during the early stage of cement 
hydration. During this period, soluble alkali components in the cement go quickly into water 
in the concrete. After the early stage of cement hydration, the pore water contains dissolved 
potassium and sodium hydroxides, with minor amounts of other components. 
Diamond0 i•S9 has presented data from tests in which the pore water of mortar bars made 
with various types of cements, but having the same water cement ratio of 0.5, were 
examined. The data show that the concentration of alkali hydroxide ion in the pore water of 
the mortar bars is proportional to cement alkali content expressed in term of the equivalent 
sodium oxide, Fig. 2.1. 
Since it is the hydroxyl ions in the pore solutions that attack the reactive silica, the 
equivalent sodium oxide has become the commonly used measure for the alkalinity of the 
cement. The equivalent sodium oxide is calculated on the basis of the molecular weight of 
potassium and sodium oxides and is given by 
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(2.1) 
Although cement is generally the major source of alkalis in concrete, other sources can also 
increase the alkali content. These include admixtures, deicing salts, sodium chloride from 
unwashed sea-dredged aggregates and some aggregates containing feldspars and glassy 
rocks5t 1ohn92. 
Many types of aggregate contain silica but only the silica with a disordered structure can 
react with alkalis to a significant extent. Silica with a well ordered structure will only allow 
a slow reaction at the surface without generally causing damageFiggBJ. Increasing the surface 
area of reactive aggregate will increase the reactivity of the aggregateHobbss. 
The product of the ASR is a gelatinous silica hydrate containing sodium, potassium calcium 
and wate~obb90. The ASR product is usually known as ASR gel. 
The gel is capable of absorbing water and expanding. Diarnond0 iam89 has confirmed that the 
process of the gel imbibing water is osmotic. However, unlike most of the classical osmotic 
systems where the solution and solvent are separated by a semi-permeable membrane, the 
ASR gel is separated from the water simply by its insolubility. Struble5 tru87 found that 
calcium hydroxide is essential for the insoluble gel to form. 
Diamond has tried to estimate the maximum osmotic pressure on the gel based on physical 
chemistry principles suggested by MooreMoor?B. The estimated value of the pressure is in the 
range of 45 to 140 N/mm2• 
As will be discussed later, the stress that is required to stop AAR expansion is an important 
parameter affecting the distributions of stresses and expansions within reinforced concxete 
members. It would be desirable, therefore, to be able to predict the stress for a given 
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concrete mix theoretically. However, a review of the literature suggests that many factors 
affect the value of the stress and that the present knowledge about the AAR is not sufficient 
for a theoretical solution to be obtained. However, the maxirnwn stress for a given concrete 
under given environmental conditions can be relatively easily obtained from properly 
designed tests. This will be discussed in Chapter 4. 
After the expansion, a further reaction may occur during which various crystalline products 
within the gel are formedRogeS6, Shays6 . It is not clear as to whether or how the crystaJJization 
might affect the long term properties of the concrete. 
2.3 EXPANSION AND CRACKING 
AAR expansion m concrete depends on many factors. These include the chemical 
composition and physical properties of the gel; the amount, the proportion and the type 
(coarse or fine) of the reactive aggregate; the porosity of the aggregates and of the 
hardened cement paste; etc .. For a concrete with given mix proportions, the expansion will 
be affected by many external factors, such as the histories of moisture, temperature and 
stress conditions. Even the direction of casting has been reported to influence the 
expansion Wait89• 
The influence of chemical composition of the concrete on the expansion is beyond the scope 
of the present research. In the following subsections, only those factors that influence the 
expansion of a given concrete are discussed. 
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2.3.1 Influence of moisture and temperature 
It is generally believed that the chemical reaction between alkali hydroxides and silica does 
not necessarily cause expansion. KnusdenKnuaS6 has studied the volumetric aspect of ASR 
expansion and concluded that the ASR will cause chemical shrinkage, rather than 
expansion, of the reactive system if the reaction is in a 'closed system', that is without an 
additional supply of water and chemicals to the reaction site. 
Although there have been tests that show that small expansions may occur within a concrete 
without a supply of external water, probably through the migration of pore water within the 
concrete to the reaction site, a sufficient moisture supply is essential for any significant AAR 
expansion to occur. 'This view is supported by the fact that all the known cases of cracked 
structures due to AAR found in practice are either exposed to wet weather or in a damp 
environment. It has been suggested that if a concrete is in an environment with a relative 
humidity lower than 75%, no significant expansion will occwl'ora92. However, there has 
been tests showing that the level of the relative humidity below which AAR does not occur 
is dependent on temperature10ne86 
Temperature has been found to affect the final AAR expansion but the effect appears to 
depend on the type of concrete. For example, Mott, Hay and AndersonMott86 has carried out 
expansion tests on cores drilled from affected concrete structures. In these tests the cores 
were subjected to three different temperatures of 13, 20 and 38 °C. The tests showed that 
the higher the temperature the lower the final expansion, Fig. 2.2. However in tests on 
concrete made with fused silica as the reactive aggregate, the opposite was recordedswamBsa. 
Fig. 2.3. The reason for these opposite effects of temperature on the final expansion is not 
clear. 
The movement of moisture in concrete is probably mostly through absorption and capillary 
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effects. For a concrete affected by AAR, the formation of the gel, which is hygroscopic, and 
the existence of internal micro-cracking will promote the movement of the moisture within 
the concrete or into the concrete from external sources. A number of investigators dealing 
with affected site concrete structures have found that moisture was absorbed relatively 
easily and deeply into affected concrete than for a concrete without AAR and that it is 
difficult to remove the moisture from the affected concretelmai86• Blig9l . For example, 
BlightB1i891 has measured the moisture content within a beam of a two-story portal frame in 
South Africa, where a well-defined dry season exists for a period of more than three 
months. It was reported that the concrete cracked due to ASR readily admits water through 
the cracks. This water penetrated deeply into the concrete (1250 nun thick), and did not dry 
out easily even when there is a well-defined annual dry season. Sound concrete absorbed 
incident water but then dried out relatively quickly. 
External exposed concrete often shows a seasonal expansion variation, probably due to the 
change of temperature and moisture conditions. For example, in expansion tests on concrete 
exposed to an external environment by Kawamura et al, the concrete expanded distinctively 
faster in the summer than in the wintet'-w•92. 
The change of moisture conditions will affect the overall expansion of the concrete. Fig. 2.4 
shows results of weight and residual expansion measurement on a core drilled from an 
affected structureCour93. The core was initially put in a saturated environment and expanded 
to 550 micro-strains. It was then dried to its original weight and the expansion reduced to 
only 180 micro-strain. This example shows that when quantifying an AAR expansion, one 
may need to specify the moisture condition of the concrete in order to separate AAR 
expansion from the moisture swelling. 
Differential free expansion of a concrete can arise from different moisture conditions. For 
example, Bamforth et alBamm have tested a number of big concrete blocks, the largest being 
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1000x1000x2000 nun. These blocks were kept wet by spraying water on the surfaces of the 
blocks intermittently. They found that the expansion of the concrete was less in the centre 
than near the surface. They attributed the differential expansions to the variation of the 
moisture conditions in the block. 
It should be noted that the differential expansion reported by Bamforth et al may be partly 
due to the different monitoring methods used for the internal and external expansions. In 
these tests, the surface expansions were measured using a Demec gauge while the internal 
expansions were measured using embedded Vibrating Wire Stain Gauges, which consists of 
a metal tube of about 150 nnn long. It is suspected that the smaller internal expansion 
measured in this way was partly due to the local restraint to the expansion by the vibrating 
gauge. 
In a numerical model for AAR affected concrete, it is considered appropriate to include the 
moisture conditions as basic parameters, particularly when the expansion distribution within 
a structure is to be estimated. However, no research has been found which deals, in 
quantitative terms, with the effect of the moisture on the development of the expansion, or 
the properties of the affected concrete related to the moisture movement, for example 
permeability etc.. It appears that the data on this aspect are not sufficient for quantitative 
modelling. 
Due to the reasons discussed above, the moisture content has not been included as a basic 
parameter in the developed expansion model from the present research. The possible 
variation of the free expansion within a concrete due to the differential moisture content of 
the concrete is, therefore, ignored. However, as has been discussed earlier, moisture 
movement is easier in an AAR affected concrete due to the existence of the gel and internal 
cracks. The variation of humidity within an affected concrete member will tend to diminish 
relatively quickly. In the example of moisture monitoring by Blight et a18 1i191 , discussed 
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above, the moisture contents were reported to be fairly uniform through the 1250 nm 
breadth of the beam. Therefore, in many cases, for example the laboratory tested members 
of relatively small cross section or full sized reinforced concrete members in normal practice 
where the development of AAR occurs over a long period of time, ignoring the differential 
free expansion due to moisture conditions is considered to be a reasonable simplification. 
2.3.2 Differences between internal and surface concretes 
Concrete affected by AAR is usually characterised by surface macro cracking and internal 
micro-cracks. The expansion of the gel generates micro cracks inside, or on the surface of 
reactive aggregates, to form a network of micro-cracks in the core zone of a concrete 
member, Fig. 2.5Hobb90. Towards the surface, the degree of expansion of the concrete is 
reduced or vanishes. The more expanded internal concrete will induce tensile stresses in the 
less expanded surface layer of the concrete and this causes surface macro-cracks. The 
surface crack pattern often reflects the manner of the internal expansion. 
There are a number of reasons for the surface expansion being less. First, there may be less 
of the expansive gel formed in the surface layer due to the leaching of alkali and hydroxide 
ions&bb90. CJar9t. Second, for the expansion of the concrete to occur, a certain amount of 
confinement to the gel expansion within the concrete is essential. On the surface, the gel is 
obviously less confined and may migrate out of the concrete as it expands and, therefore, 
cause less expansion in the concrete. The difference between surface concrete and internal 
concrete is, therefore, an inherent feature of AAR affected concrete. The difference will 
affect both expansion characteristics and the mechanical properties of the concrete as well 
as the cracking patterns. 
Due to the reasons discussed above, a size effect has been found in many investigations. For 
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cast prisms and cylinders, the general trend is that larger specimens produce larger 
expansion. For example, BakkexBillBJ has compared mortar prisms of three different sizes, 
20x20x160 mm, 40x40x160 mm and 100x100x160 mm. It was reported that, in a 
conditioning temperature of 20 °C, the 100x100x160 mm prisms expanded to about 12 
mm/m and the 40x40x160 mm prism expanded to 8 nun/m, while the 20x20x160 mm prism 
hardly expanded. 
The size effect on free expansion, however, appears to reduce as the size of specimen 
increases. For example, Wen et alwen92 (also described in Chapter 4) have compared the free 
expansions of two different size cylinders cast from the same batch of concrete. The 
dimensions of the smaller cylinders were 100 mm diameter and 200 mm long. The size of 
the larger cylinders was 150 mm diameter and 300 mm long. It was observed that the 
average maximum free expansion of the smaller cylinders was 20% less than that of the 
larger cylinders with the final expansions being 5 .13 nun/m and 6.53 nun/m for the small 
and large cylinders respectively. 
It should be noted that the effect of size on free expansion observed on cores drilled from 
affected structures, reported by McLeishMcLe90, seems to be opposite to that described 
above for cast specimens. The sizes of the cores compared by McLeish were 50 mm and 
100 mm in diameter. Lower expansions were recorded on the larger cores. McLeish 
attributed this to the greater loss of internal restraint due to the drilling process for the 
smaller cores. 
The size of specimen will also affect the sensitivity of the expansion of the specimen to 
restraint stress. For example, the stress required to stop AAR expansion in mortar bars can 
be an order of magnitude lower than that for normal sized concrete specimens. For example, 
a stress as low as 0.4 N/rrun2 has been found to stop expansion of mortar bars tested by 
McGowan et alMcGo.54 while the typical value of stress in concrete is in the order of 5 N/rrun2 
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ctars9• 1bis is considered to be due, to a large extent, to the significantly smaller size of the 
monar bars, although other factors, such as the different constituents, may also play a part. 
As has been mentioned, AAR affected concrete is usually characterised by its surface macro 
cracking and internal, well distributed, micro cracks, Fig. 2.5. The thickness of the surface 
layer, through which the surface macro cracking penetrates, is generally relatively small, the 
typical value for full-size concrete structures exposed to UK weather is about 40 mnHobb90. 
The value found for the SERC/BRE bridge concrete conditioned under water at 38 °C is 
about 25 mnCope90• The surface concrete and the internal concrete generally have different 
propenies and are in different stress states. 1bis may call for careful consideration of 
experimental results which are to be intetpreted or when a structure is to be appraised, 
particularly when the dimensions of the specimen or the structural member are small. 
2.3.3 Cracking and expansion 
When the structural performance of an AAR affected structure is to be appraised, it is 
necessary to know the extent of the expansion that has occurred. One method commonly 
used in current practice to estimate the expansion is to measure the widths of cracks 
crossing a given line (or lines)Niah89b, Dora92• The expansion is estimated to be the value of the 
so called crack-strain, which is defined as the quotient of the summation of the crack widths 
over a given line to the length of the line, times an expansion/crack-strain coefficient. There 
are two crack-strain methods. One takes into account the angle of the crack at the point of 
crossing the given line, and the other does not. Jones10ne93 found that the method allowing 
for the crack angle produces less scatter between crack strain and expansion for his 
particular set of test results. 
However, the limitations of the crack strain method for estimating expansion should be 
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appreciated. First, the measured crack strain is dependent on the difference between surface 
and internal expansions, not on the internal expansion itself. Since the expansion of the 
surface layer varies, the differential expansion changes from concrete to concrete. For 
example, concrete tested by Fujii et al FujiS6 started to crack at a strain of about 200 micro-
strain while, for some concretes, where fused silica was used, surface cracking could not be 
observed even when the measured expansion had reached about 2000 micro-strain ctu92a. In 
tests of large concrete blocks by Bamforth et alBamm, no surface cracking was observed 
when the surface expansion was more than 1000 micro-strain. In this case the concrete was 
made with high alkali cement and the cement content was high, 700 kg/m3. For the 
SERC/BRE bridge concrete tested under water at 38 °C by Wen et al, visible cracking 
appeared at about 400 micro-strain Wen92. 
The correlation between the crack-strain and expansion also varies with the shape of the 
concrete. N~g9l has reported investigations into the relationships between the crack-strain 
and expansion measured on cylindrical and prismatic specimens. It was found that the ratio 
of expansion to the crack-strain was 1.5 for cylinders while the value was 1.0 for prisms. 
The sequence of the formation of the surface cracking may also affect the correlation 
between expansion and crack strain. For example, if the surface cracks initially form in the 
direction perpendicular to the less restrained direction, the subsequent formation of cracks 
orthogonal to the existing cracks will be at a higher tensile strain because there is less lateral 
restraint. The crack strain calculated from cracks formed later will tend to under estimate 
expansion than that calculated from the first formed cracks. 
There are a number of other factors also affecting the accuracy of the crack-strain method 
such as weathering, the filling of cracks by chemicals or dust etc .. 
To obtain a sensible result using the crack-strain method, the length over which the crack 
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widths are summed must be sufficiently long. A minimum length of one metre has been 
suggested by the Institution of Structural EngineersDorass. 
In some structures, expansions can vary significantly along a given line. For example, in 
beams conditioned under concentrated loading by Chana et a1Cban•9'•, the horizontal 
expansion along the top of the beams could vary from 1 mm/m to 5 rrnn/m within a distance 
of 1 metre, Fig. 2.6. This is due to a rapidly changing stress distribution along the top of the 
beam. In this case the crack-strain method may not be sensitive enough to reflect the 
varying expansion. 
Other indirect methods for the determination of expansion or crack situations of affected 
concrete have also been attempted, for example, Chrisp et a1Chri89. These methods are still 
under development Wood93 . 
Despite the limitations, the crack-strain method appears to be the main method used by 
engineers currently for the assessment of AAR expansion in field concrete structures. 
2.3.4 Influence of stress 
The pattern of surface cracks on many AAR affected concrete structures indicate that stress 
has a strong influence on the expansion. For example, 'map cracks' usually shown on the 
surface of unrestrained plain concrete, Fig. 2.7 Clay90, indicate expansions in random 
directions. Whereas for members heavily reinforced in one direction and lightly or 
unreinforced in other directions, the surface cracks are usually oriented in the direction of 
stronger reinforcement, indicating reduced expansion in the direction of the restraint, Fig. 
2.8Hobbss. Predicted stress distributions for the beams by Cope et a1 using a numerical model 
of AAR expansion developed by the author have been compared with the surface crack 
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patterns of the tested beams Cope92• The comparisons demonstrated the existence of a close 
correlation between the predicted stress distribution and the surface cracking. 
For a given concrete under given envirorunental conditions, the stress conditions are the 
predominant factor affecting expansions. A knowledge of the relationships between stresses 
and expansions is essential for structural appraisal and numerical modelling of AAR 
expansion. However, before the mid~ighties, there were virtually no data available on the 
relationship between stress and expansion for concrete. 
Stress in concrete with AAR can arise from a variety of sources. These include: 
• extemalload; 
• restraint from reinforcement; 
• restraint from unexpanded regions of concrete within the same member; 
• restraint from other members of the same structure or adjacent structures. 
The early research into the stress expansion relationship was on mortar bars, for example, 
by McGowan and VivianMcGoS4. This research revealed an influence of stress on AAR 
expansion. However, as has been discussed, the size effect made the stress expansion 
relationship obtained from mortar bar tests unusable for the analysis of concrete structures. 
The following sections discuss the stress expansion relationship for concrete. 
Uniaxial stress-incremental expansion relationships 
AAR expansion causes stresses to change in a restrained concrete. At the same time, the 
change of the stresses will influence further expansion development. Due to the interaction 
between expansion and stress, it is necessary to know the instantaneous relationship 
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between the stress and the incremental expansion in order to analyse the stress and 
expansion distributions in concrete. 
From current knowledge of the nature and characteristics of AAR, as discussed in the 
previous sections, it is obvious that the stress-incremental expansion relationship could be a 
function of a large number of variables, even for a given mix of concrete. For example, the 
relationship is likely to be a function of the expansion itself. 1bis is because, as the internal 
cracks develop with growing expansion, the confinement to the gel within the concrete is 
weakened. It is, therefore, easier for the gel to spread and fill in the cracks in a concrete 
with greater expansion than a one with less expansion when the concrete is under pressure. 
The change of temperature and moisture conditions may change the rheologic properties of 
the gel and this, in turn, may change the stress-expansion response of the concrete. 
The rate of expansion has been shown to affect the maximum stress that can be induced in a 
concrete. HobbsHobbSS reported two series of tests carried out at the British Cement 
Association (BCA) to investigate the effect of restraint from reinforcement on expansion. 
Very fine opaline silica was used as reactive aggregate in the concrete. The sizes of the 
reactive aggregates were 300-1200 j.Ull in series I tests and 150-300 j.Ull in series II. The 
rate of expansion was extremely high, with the highest expansion being 400 to 500 micro-
strain per day. The maximum stresses induced in the concrete were reported to be 4 N/mm2 
for series I tests and 13.5 N/mm2 for series II tests. Hobbs attributed the difference in the 
induced stresses to the expansion rate and to the size of the reactive aggregate. 
It should be noted, however, that such a fine reactive aggregate would not be present in 
large quantities in concrete found in normal practice. The rate of expansion in the tests was 
extremely high compared to those usually occurring in expansion tests on cores from 
concrete structures or even in the accelerated expansion tests carried out in laboratories on 
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concrete with normal particle sizes. In Hobbs' tests the expansion grew to 5 nun/m in about 
two weeks. 
The maximum induced stress, 13.5 N/mm2, appears to have been calculated from the 
expansion of the specimen, which had a high reinforcement ratio of 3. 84 % and a final 
expansion of about 1.5 mm/m. It is not clear, however, whether the reinforcement had the 
same expansion as that measured on the specimen or there has been difference between the 
expansion on the surface of the specimen and the elongation of the reinforcement due to 
bond slip or other reasons. 
In an investigation of the bond strength of AAR affected concrete, Chana et al01an9lb 
measured the strain in reinforcement directly and compared it with the expansion measured 
on the surface of the pull-out specimen. They found that the surface expansions were 
always higher than the reinforcement strain and this phenomenon is more pronounced when 
expansion levels were high, Fig. 2.9. Fig. 2.9 suggests that when the stress in concrete is 
estimated using the surface expansion and reinforcement ratio, particularly for specimens 
with a high reinforcement ratio, a high expansion level and short anchorage length, the 
actual strain in reinforcement has to be assessed carefully to avoid errors in the estimation 
of the stress. The error could be significant if the reinforcement ratio is high. 
No publications concerning the influence of stress on the incremental expansion of AAR 
affected concrete has been found. It would be difficult, at the present time, to include all the 
variables discussed above in a numerical expansion model due to a lack of understanding of 
the effects and experimental data. However, the relationship between the stress and 
incremental expansion may be obtained for a given concrete under given enviromnental 
conditions through tests. 
An experimental programme, described in Chapter 4 , has been carried out to provide data 
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for the development of the expansion model. In the tests, the stress-incremental expansion 
relationship has been monitored for the SERC/BRE bridge concrete conditioned under 
water at 38 °C. It was found that the incremental relationship resembles approximately the 
constant stress-total expansion relationship. The results provided an experimental basis for 
the numerical model developed for the AAR expansion analysis. 
In the expansion tests to investigate stress-expansion relationship, constant stresses have 
been applied to the specimens. Since the incremental stress-expansion relationship resembles 
the constant stress-total expansion relationship, the later is the basic constitutive relationship 
in the numerical approach. The constant stress-total expansion relationship is discussed in 
the next section. 
Uniaxial constant stress-total expansion relationships 
Fig. 2.10 shows stress expansion relationships from tests on the BRE/SERC bridge mix 
carried out at a number of institutions in the UKaay90, Ng9t. Wen92, Jonc9J. In all the tests the 
concrete specimens were conditioned under water at 38 °C and subjected to constant 
uniaxial stresses. The expansions were measured in the direction of the stress. 
Fig. 2.11 presents the data in terms of the percentage of the unrestrained expansion. It can 
be seen that the constant stress-expansion relationship obtained by Clayton, Jones and Wen 
are very close. The data obtained by N~891 appears to be different from the others. The 
difference may be due to the leaching of the alkal.i from the specimens because of the 
conditioning water in Ng's testsN&9t.. 
Jones10nc93 has also investigated some of the data shown in Fig. 2.10 and found that if the 
surface layer of the specimen was excluded in the calculation of stress, then the scatter of 
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the constant stress-expansion relationship is reduced. In the calculation it was assumed that 
the surface layer was 15 nun thick and the constant load applied to the specimen was 
carried by the core area of the specimen only. 
Expansions under constant and variable stresses 
A number of expansion tests on reinforced specimens have been published. Unlike the 
expansion tests under constant stress, the stress in the concrete of the reinforced specimen 
changes with expansion. In some of the tests initial external loads were also applied. The 
expansion will depend on the details of the reinforcement and also on the loading history 
during the expansion process. Examining the differences between expansion under constant 
stress and that under varying stresses may provide insight into the way in which the stress 
affects the expansion. 
The dependency of expansion on stress history has been shown by HobbsHobb90. The final 
expansions of specimens conditioned under two different stress regimes were compared. In 
one set of tests, the specimens were subjected to an initial compressive stress of 2.5 N/mm2 
by confining rigs. The compressive stress in the specimen then increased with expansion due 
to the increasing stress induced by the restraint from the bars of the confining rig. In the 
other set of tests, reinforced specimens were used. The compressive stresses in the concrete 
in the reinforced specimens were initially zero and increased with growing expansion. 
Hobbs demonstrated that the expansions were always higher for the reinforced specimens 
without initial compressive stresses than for those under initial applied stress. The 
comparisons were made on the basis of equal final stress in concrete and equal unrestrained 
expansion, Fig. 2.12. 
Fujii et alFujiS6 tested 26 beams made with a Japanese reactive concrete. All beams were 
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reinforced with both tension and compression steel bars and stirrups. The tensile 
reinforcement ratios were from 0.77% to 1.77%; the compressive reinforcement ratios were 
from 0.43% to 1.2%. The strains of the longitudinal reinforcement and the stirrups were 
monitored using electrical strain gauges. From the reinforcement strains given in their 
report, it can be inferred that the longitudinal stress induced in the beams in part one tests 
were about 4 Nfrnm2 in all the beams, regardless of the reinforcement ratio, with the stress 
in the compression reinforcement side being slightly smaller than those on the tension 
reinforcement side. The longitudinal elongation of the reinforcement in the beams of these 
tests were ranged from 1.6 nun/m for compression reinforcement with a steel ratio of 
0.43%, to 0.6 mm/m for tension steel with a steel ration of 1.74%. 
The tests reviewed above show that the value of stress required to stop the expansion for 
the particular concrete was about 4 N/mm2• There are two possible reasons for the fact that 
the stress in the top of the beam was slightly less than that in the bottom. One is that the 
unrestrained expansion capacity was not high enough for the top (compression) 
reinforcement to expand further. The second possibility is that the stress required to stop 
the expansion decreases with increasing expansion. Further tests may be able to clarify this 
point. A numerical study would also be useful. 
Fig. 2.13 shows the final expansions of cylinders made with SERC/BRE bridge mix, tested 
by Wen et alwen92 and by Jones10nc93 under either constant stresses or induced stresses from 
reinforcement, plotted against the final stresses. The difference in the final expansion due to 
different stress history is clearly shown. 
It should be mentioned that the stresses in the concrete of reinforced cylinders obtained by 
Jones, Fig. 2.13, were estimated from the expansion on the surface of the cylinder, assuming 
that the reinforcement strain is equal to the surface expansion. The cylinders, 100 mm dia x 
200 mm, were reinforced by a single threaded bar placed in the centre of the cylinder and it 
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is not clear whether measures were taken to prevent possible differential expansions 
between the concrete in the centre of the cylinder and the concrete on the surface. If no 
such measures were taken then it is likely that, according to Chana's tests, Fig. 2.9, the 
reinforcement expanded less than surface concrete. Thus the calculation based on surface 
expansion will over-estimate the stress induced in the concrete. The over-estimation will be 
more pronounced for specimens with higher reinforcement ratio. 
In the data obtained by Wen et alwen92 (see also Fig.4.1), the cylinders, 150 nun dia. x 300 
nun, were reinforced with 3 bars. To reduce the differential expansion between the bar and 
concrete, 3 reinforcement rings were provided at each end of the cylinder and were tied to 
the bars. Even with the rings provided, slight differential expansion between bar and surface 
concrete is still possible. 
Koyanagi et alKoya92 have tested 100 x 100 x 1000 nun reinforced concrete prisms with 
reinforcement ratios ranging from 0.07% to 2%. The reinforcement was put in the centre of 
the prism. The final expansions are plotted in Fig. 2.14 against reinforcement ratio. The 
concrete used in the tests was made with a coarse reactive aggregate, fine non-reactive 
aggregate, ordinary Portland cement and added NaS03 to promote expansion. Fig. 2.14 
compares the data with those obtained from SERC/BRE bridge mix specimens tested by 
Jones1onc9J and Wen et alwen92• The normalised expansions, with regard to the unrestrained 
expansion, are shown in Fig. 2.15 against reinforcement ratio. 
Figs. 2.14 and 2.15 show that, although the actual expansions vary significantly with 
concrete, the normalised expansion-reinforcement ratio curves from the different concrete 
are fairly close. More data published by investigators from different countries have been 
compared by Clarkctars9• Doran°or•92 and McLeishMcLe90. The absolute values of expansion 
were found to vary significantly. However, when the expansions are normalised, the 
expansion-reinforcement ratio curves are similar for all data. 
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Multidimensional expansion behaviour 
In a two or three dimensional finite element analysis, a multi-dimensional expansion model 
is required. In such a model the interactions of stresses and expansions in all directions have 
to be considered. No systematic research in this area has been found. However, a few tests 
have been reported in which the influence of stress on the expansions in perpendicular 
directions can be qualitatively observed 
Most of relevant publications indicate that the influence of stress on the expansions in 
perpendicular directions are insignificant for concrete with normal mix proportions. 
For example, in the tests by Cope et a1Cope90, in which the vertical expansions perpendicular 
to the main reinforcement in singly reinforced beams were monitored, the vertical 
expansions were found to be similar to the free expansion. The concrete in these tests was 
the SERC/BRE bridge mix. 
Recently, Jones10oe93 reported the results of lateral expansions monitored on a large number 
of cylinders made with SERC/BRE bridge concrete mix. These cylinders were either plain 
cylinders under longitudinal constant compressive stress, ranging from 0 to 4 N/mm2, or 
longitudinally reinforced cylinders with steel ratios of 0.25%, 0.5%, 1% and 2%. All lateral 
expansions were found to be similar. No sign of any influence of longitudinal load or 
reinforcement on the lateral expansion has been observed. 
It should be mentioned that the lateral free expansions measured by Jones on all cylinders 
was about 60% of the longitudinal free expansions. Jones suggested that there are two 
possible reasons for the different values of the expansions. First, is the direction of casting, 
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which has been found to affect the value of expansion by Walton et alWaJt89• The second is 
the method of measurement. In Jones' tests, the lateral expansions were obtained by 
measuring the change of the diameter of the cylinders. The measurement, therefore, includes 
the outer layer of the cylinders, which may expand less than concrete in the core area, Fig. 
2.16. 
Tests carried out by others also suggest that stress has an insignificant effect on expansions 
in perpendicular directions. For example, Abe et a1Abe89 have tested beams with different 
levels of longitudinal reinforcement. The transverse expansion indicated that the longitudinal 
restraint had no influence on the perpendicular expansion. 
However, a notable influence of stress on perpendicular expansion has been observed in 
tests by Rigden et a1Rigd92b. In these tests, three dimensional expansions on the surface of 
500 x 500 x 200 mm blocks were monitored. Three levels of uniaxial compressive stresses, 
0, 4 and 8 N/mm2, were applied to the blocks. It was found that when the compressive 
stress applied was 4 N/mm2 there was no influence on perpendicular expansions. When the 
stress was 8 N/mm2 the expansion in one perpendicular direction increased by 18 %. 
It should be noted that the concrete mix used by Rigden et al was very different to those 
used in the other tests mentioned above. The expansion in Rigden's tests was extremely 
high. The average free expansion was 23 mm/m which is much higher than the maximum 
value of free expansion, typically 5 mm/m, found in normal practical concrete affected by 
AAR. The equivalent alkali content in the concrete was increased from 3.3 kg/m3 to 12 
kg/m3 by the addition of potassiwn hydroxide. The fine aggregate content was relatively 
higher than in normal concrete. The cement: fine: coarse aggregate ratio was 1:1.57:1.41. 
Amorphous fused silica was used as the reactive aggregate replacing part of the fine 
aggregate in the concrete. Because of the use of fused silica and the high alkali content, the 
concrete used by Rigden et al was probably very rich in silica gel. 
28 
From the above discussions, it can be assumed that the extent of multidimensional 
interaction between stresses and expansions may depend on the richness of the gel, the 
magnitude of the stress and the porosity of concrete et al. Funher investigations are 
required to improve the understanding of the expansion behaviour under multidimensional 
stresses. 
It can also be seen from the above experimental evidences that for concrete with the mix 
proportions similar to those found in normal practice, the influence of stress on 
perpendicular expansions may be reasonably ignored in a numerical model in order to 
simplify the analysis. 
2.4 MECHANICAL PROPERTIES 
A large number of investigations have been carried out to study the effect of AAR on the 
mechanical properties of affected concrete. A general review is given in the following 




HobbsHobbS6 has tested some 14 year old 100 nun cubes made with a mix similar to that used 
in a number of affected structures found in the south west of England. The strength of the 
cracked cubes, which had expansions in the range of 1.5 to 3 mm/m, was about 25 % higher 
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than that at 56 days. While the strength was about 15 % lower than that of similar cubes 
which had not cracked. 
Swamy et alswams6• ssb, 89 reported the effect of AAR on cube strength for two types of 
reactive concrete. One mix contained 4 .. 5% opal by weight of total aggregate and the other 
15% of fused silica as a replacement for the fine aggregate. Corresponding control 
concretes were also made without the reactive replacement for the aggregates. The 
expansions of the concrete tested by Swamy were relatively high with the maximum 
expansions being 6 mm/m for the concrete containing fused silica and 16 mm/m for the 
concrete containing opal. The reduction in the cube strength at one year for the opal 
concrete specimens was about 54% of its 28-day strength and 63% of one-year strength of 
the control cubes. For fused silica concrete the drops in cube strength were about 25% and 
39% respectively. 
Test results obtained by Hobbs and Swamy are shown in Fig. 2.17. The data shown have 
been normalised by the cube strength of the control specimens or the uncracked concrete 
cubes in the case of Hobbs' data. 
The cube strengths for the SERC/BRE bridge concrete have been obtained by Clayton°•Y90, 
Jones10nc93 and Wen et alwen92. lbey have all compared the cube strength with the 28-day 
value for the reactive mix and found that the cube strength of the affected concrete is never 
lower than the 28-day strength up to expansions of about 7 nun/m. Wen et al have also 
compared the cube strength of affected concrete with that of control concrete, to which no 
additional alkali was added. The cube strength of the affected concrete was about 15% 
lower than that of the control concrete, compared at the same age, when free expansion of 
reactive cylinders was about 6 nun/m, Fig. 2.17. 
It can also be seen from Fig. 2.17 that the rate of the reduction of the relative cube strength 
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with regard to the level of AAR expansion found in the laboratory accelerated tests by Wen 
et a1 is similar to that reported by Hobbs for concrete stored in normal conditions for 14 
years. 
Uniaxial compression strength 
Claytonctays9 has detemrined the uniaxial compressive strength of 300 x 90 x 90 nnn tall 
prisms made with the SERC/BRE bridge concrete and compared the strength with the 
corresponding 28-day strength of the reactive concrete. The reduction of the relative 
uniaxial compressive strength due to AAR was more than that of the relative cube strength. 
The uniaxial compressive strength remained 70 to 80% of the 28-day strength for 
expansions between 1 nun/m and 4 nun/m. 
Wen et al compared uniaxial compressive strength of 150 nnn dia. x 300 nnn cylinders 
made with a similar concrete to that tested by Oayton. The reduction of uniaxial strength 
after 210 days in a conditioning tank, when the expansion was about 7 rmn/m, was about 
10% lower than that at 29 days. Compared to control cylinders, however, the strength of 
AAR affected cylinders was 30% lower. 
The effect of AAR expansion on the reduction of the uniaxial compressive strength appears 
to be more severe for concrete tested by Clayton than that tested by Wen et al when the 
strengths are compared with the corresponding 28 or 29 day strengths. This is considered 
to be partly due to the different slenderness of the specimens. For normal concrete the 
uniaxial compressive strength of a cylinder with a height to diameter ratio of 3 will be about 
95% of that for a cylinder with the height to diameter ratio of 2NeviS?. Comparing the results 
of Oayton and Wen, it seems possible that the slenderness may have a more pronounced 
effect on compressive strength of AAR affected concrete than normal concrete. 
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Nixon et alNixoB5 have reported two uniaxial strength values obtained on 100 dia. x 200 nm 
cylinders when the expansions of the cylinders were 0.2 (6 months) and 1.16 mm/m (12 
months), Fig. 2.18. The 28-day strength of the cylinders was not tested. ClarkCJars9, 
however, analysed the result and estimated the uniaxia1. strength relative to corresponding 
28-day value to be 1.3 and 1.0 for expansions of0.2• and 1.16 rrun/m respectively. 
Splitting strength 
Fig. 2.19 compares test results for splitting strength-expansion relationships reported by a 
number of investigators. 
Fig. 2.19, includes one set of splitting strength data obtained by Hobbs from 100 nm 
concrete cubes which were 3 year old and contained opaline silicaHobb90. The other set of 
data are of concrete with mix proportions similar to that used in some of the affected 
concrete structures found in south west of England. The data from Swamy et al was for 100 
dia. x 200 mm cylinders containing fused silicaswams6• The data from Wen et al were for 150 
dia. x 300 mm cylinders made with the SERC/BRE bridge mix Wen92• The results by Swamy 
and Wen have been normalised with regard to the control concrete. The data for concrete 
containing UK aggregate tested by Hobbs were normalised with regard to the uncracked 
concrete. 
Comparing Fig. 2.19 with Fig. 2.17, it appears that the rate of strength reduction with 
increasing expansion is higher for splitting strength than for cube strength. 
• The value given in Clark's reportaars9 is 0.85. However, in Nixon's paper, see Fig. 1.18, 
the value is given as to be 0.2 rrun/m. 
32 
Modulus of rupture 
The data published by Swamy et alswams6 on the effect of AAR expansion upon the modulus 
of rupture is shown in Fig. 2.20. The measurements were made on 100 x 100 x 500 nm 
prisms of concrete containing fused silica as the reactive aggregate. It can be seen from Fig. 
2.20 that the modulus of rupture fell swiftly soon after the expansion began. When the 
expansion was only 0.3 to 0.5 mm/m, the modulus dropped 10 - 15%. The modulus appears 
to be stable after the expansion was about 2 mm/m with a value of about 40% that of 
control concrete. 
Clayton has examined the modulus of rupture for the SERC/BRE bridge concrete and 
published the data normalised with regard to the corresponding 28-day strength. The 
pattern of strength deterioration was similar to that reported by Swamy, with swift drop of 
the strength to about 50% after one month since the AAR expansion began and then 
maintaining the value afterwards. Note that the 60% drop of the modulus of rupture 
reported by Swamy was compared with that of control concrete at the age of 3 months, 
whereas the 50% drop of the modulus in Clayton's tests was compared with the 28-day 
value for reactive concrete. Since in Swamy's tests the modulus of rupture of the control 
concrete at the age of 3 months was about 10% higher than that of 28-day value for 
reactive concrete, the extent of final reductions of the modulus of rupture in both Clayton's 
and Swamy's tests are similar. 
Direct tensile strength 
Direct tension tests for concrete are difficult to carry out. This may be one of the reasons 
that no test data have been found. Direct tension tests on mortar bars carried out 40 years 
ago, however, have been reported by Vivian Vivi4?a, 47b and Gaskin°uk47. Although the data 
from mortar bar tests may not be directly applicable to concrete, the trend of the tensile 
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strength-expansion relationship appears to be very similar to that of the modulus of rupture 
and gas pressure stress for concrete, Fig. 2.21 CJar89. 
Gas pressure strength 
Nixon et alNixoss have used the gas pressure test method to investigate the effect of AAR on 
tensile strength. The results are shown in Fig. 2.22. 
Nixon et a1 stated that the gas pressure tensile strength dropped markedly well before any 
visible crack could be detected. It can be seen from Fig. 2.22 that the gas pressure tensile 
strength begins to reduce 2 months after casting when the measured expansion was less than 
0.2 mm/m. which was probably mostly due to moisture swelling. It was 3 months before 
AAR expansion became evident. When the expansion started at about 5 months, most of the 
reduction of the tensile strength was complete. 
The characteristics of tensile strength deterioration found by Nixon and Swamy are similar, 
but the reduction of the strength in Nixon's tests occurred well before the commencement of 
AAR expansion, Fig. 2.22, whereas the deterioration of the concrete tested by Swamy 
started at the same time as the beginning of the expansion, Fig. 2.20. The different rates of 
strength deterioration is considered to be due to the different starting time of the AAR 
expansion. In the case of Swamy's tests, expansion accelerated at about one month, whereas 
in Nixon's tests, the expansion started at about 5 months. The different pattern of expansion 
may be partly due to the use of different reactive aggregates: An artificial reactive 
aggregate, fused silica, was used in Swamy's tests whereas a natural reactive sand, Thames 
Valley sand containing 40% flint, was used in Nixon's tests. The cement content in the 
concrete tested by Nixon et al was very high at 600 kg!m3• 
OaytonCJays9 has determined the gas pressure tensile strength for the SERC/BRE bridge mix 
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and published the results in terms of values relative to the 28-day strength, Fig. 2.23. The 
pattern of the strength change is similar to that reported by Nixon, Fig. 2.22. 
Bond strength 
Chana et alaan189• aana91 have published data from bond tests carried out at the BCA. In the 
first phase of the tests, pull out bond strength was investigated. 16 mm diameter 
reinforcement of two types, plain and deformed type 2 ribbed bars8"t84, was used for all 
tests. Other variables investigated included: with and without links; top cast and bottom 
cast; cover region and core region. Tests on reactive concrete specimens were carried out at 
one 'high' level of expansion. 
The general conclusions were: 
a) AAR does not have a detrimental effect on the bond strength of either plain or 
ribbed bars confined by links. 
b) A significant reduction in the bond strength of deformed bars placed in the cover 
region without links was observed when compared with that for bars in the control 
concrete. The magnitude of the reduction was similar to the reduction in the splitting 
strength of the reactive concrete. 
c) The effect of AAR on the bond strength of ribbed bars placed in the core region 
was not significant. 
It was also confinned that the bond strength of both plain and deformed bars in a top cast 
position was strongly influenced by the amount of plastic settlement of the concrete. 
In phase II of the researchaan91 b, lap bond strength tests and further pull-out bond strength 
tests were included. The lap length in the lap bond strength tests was 200 mm. The lap bond 
strength of reactive concrete was tested at one high expansion level. The pull-out bond 
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strength tests on reactive concrete were carried out at two expansion levels: mediwn (0.45 
rrun/m restrained expansion and 2.5 rrun/m unrestrained expansion) and high (1.3 mm/m 
restrained expansion and 4.5 rrun/m unrestrained expansion). 
The reduction of pull-out bond strength due to AAR, expressed in percentage of that for 
control concrete, for reinforcement without links are summarised below. 
RIBBED BAR (no lateral restraint) PLAIN BAR (no lateral restraint) 
Bottom cast Top cast Bottom cast Top cast 
mediwn high mediwn high medium high mediwn I high 
20% 40% not significant 25% 40% 60% variable• 
• Different strengths were obtained, particularly for the control concrete, for various batches of 
concrete. Chana attributed this to variable plastic settlement. 
Chana found that the lap bond strength for reinforcement without links showed similar 
changes due to AAR as the pull-out strength. 
Rigden et al.Rigd92a have also tested lap bond strength. The lap was only 50 mm and the 
diameter of the main reinforcement was 6 mm. Rigden found that the reduction of the lap 
bond strength in their tests was significantly higher than that reported by Chana et al. 
Rigden et al mentioned four possible reasons for the discrepancy: a) the different mixes 
used, b) different level of expansion of the concretes, c) different link arrangement and d) 
different loading arrangement. 
The mechanism of bond is known to be complex and is not fully understood, even for 
normal concrete without AAR. The AAR made the study of the bond behaviour even more 
difficult by inducing bond stress between reinforcement and concrete. Fig. 2.24a shows the 
type of specimen for the lap bond strength test adopted by Chana and Rigden for their 
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investigations. The lap bond stress in an affected concrete comprises the stresses due to 
both AAR expansion and the external load. Fig. 2.24b shows the possible bond stress 
distribution induced due to AAR expansion near the overlapped end of a reinforcement . In 
a lap bond strength test, the external load will cause a bond stress which is in the same 
direction as that already induced by AAR, Fig. 2.24c. The bond stress induced by AAR 
expansion, therefore, has the effect of reducing the apparent lap bond strength, which is 
determined from the external load. Since the bond stress induced by AAR expansion is 
likely to be significantly higher near the end of the reinforcement and reduce swiftly away 
from the end, Fig. 2.24b, the weakening effect due to the induced bond stress due to AAR 
is likely to be more pronounced for shorter overlaps than longer ones. Considering that the 
overlap adopted in the tests carried out by Rigden et al was only 50 mm whereas that in 
Chana's tests was 200 mm, the above effect could be one of the reasons that the apparent 
bond strength in Rigden's tests was less than in Chana's tests. 
In a pull-out test, on the other hand, the external load will cause a bond stress which is in an 
opposite direction to that induced by AAR expansion at the end near the pull out force, Fig. 
2.25. The stress situation in a specimen during a pull-out test could be quite different from 
that in a lap bond test. 
The bond stress distribution along a reinforcement bar in a pull-out specimen described 
above is different from that in the anchorage zone in a beam. It is not clear whether the 
bond strength obtained from normal pull-out bond tests is applicable to the anchorage bond 
in abeam. 
In tests carried out by Cope et alcopc9l on simply supported beams affected by AAR, 
anchorage bond have not been found to be a problem affecting the load capacity of the 
beams. This may due to two reasons. One is that the bond strength is not severely affected 
by AAR. The other reason may be that the bond stress in the anchorage zone of a beam 
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affected by AAR is less than in a normal concrete beam. This is because of the change of 
crack and stress distributions in the anchorage area of the beams due to AAR. The affected 
beam with the induced compressive stress in the concrete will crack at a higher level of 
bending moment than a normal concrete beam without the induced stress. The nearest crack 
to the support due to the extemalload will, therefore, be farther away from the support for 
the beam with the induced compressive stress than for the beam without AAR. The change 
of crack position due to AAR and, indeed, the change of failure mode from shear to more 
ductile manner have been reported by a number of investigators, e.g. Cope et alcope90, Bach 
et a1.Bach92 and Fujii et a1Fuji86, and could result in less bond stress in the anchorage area for 
an affected beam. 
Further research is needed for the bond strength of reinforcement in an affected concrete 
element and careful assessment of stress situation involved in the bond failure mechanism 
seems to be important. In this aspect a reliable numerical approach would be useful. 
Modulus of elasticity 
HobbsHobb90 has reported the changes of elastic modulus due to AAR for two types of 
concrete. One was made using aUK. cement-aggregate combination and was 14 years old 
with estimated expansions between 1.5 to 3.0 nun/m. Compared to similar uncracked 
concrete, the reduction in the elastic modulus of the cracked concrete was 20- 50%. The 
other concrete contained opaline silica and was 3 year old when tested, with expansion of 
about 5 nun/m. The reduction of elastic modulus was about 50 %. The results for the 
concrete containing opaline silica are shown in Fig. 2.26 
The reductions of elastic modulus of the concrete investigated by Chana et a1.0wta9t for bond 
strength were 62% and 72% when the unrestrained expansions were 2.5 mm/m and 4.5 
mm/m respectively, compared to a control concrete. The control concrete was made using 
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the same mix proportions as the expanded concrete, but was conditioned under water at 20 
°C. The expanded concrete was conditioned under water at 38 °C. The reduction of the 
elastic modulus obtained by Chana et al appears to be more severe than others at the same 
level of expansion, Fig. 2.26. 
Clayton et alctay90 has reported the effect of AAR on the modulus of elasticity for a similar 
concrete to that tested by Chana et al. The modulus of elasticity of the concrete changed 
from 40 kN/mm2 to 20 kN/mm2, Fig. 2.26. Clayton et al also emphasised the difference 
between the change of the modulus and the change of gas pressure tensile strength. lhey 
described that there was no loss of stiffness until the onset of cracking, whereas tensile 
strength loss began at the start of expansion and was essentially complete when cracking 
was first observed. 
Some data for the dynamic modulus of AAR affected concrete have been published by 
Swamy et alswamS6 and are shown in Fig. 2.27. The relationship between reduction of the 
modulus and the expansion shown in Fig 2.27, for the dynamic modulus, is similar to that 
reported by Hobbs and Oayton for the static modulus, Fig. 2.26. This indicates that the 
dynamic modulus might be adopted as a basic property for the AAR affected concrete, 
which could be related to the initial tangent modulus of elasticity. In a static Young's 
modulus test, a small preloading is usually applied to the specimen to stabilise the gauge 
readings. For AAR cracked concrete, the preloading may, because it closes some of the 
cracks, cause a change in the initial tangent Young's modulus of the concrete. 
Stress-strain relationship 
Knowledge of stress-strain relationship is essential for numerical modelling. However, no 
data were available when the present research programme was started, other than some 
reports and papers, for example Hanshin86CommS6, Koyanagi86KoyaS6 and Clark89etars9, 
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which mentioned that the affected concrete become more ductile and that the strain at the 
peak stress increases. 
The stress-strain behaviour of the SERC/BRE bridge concrete has been investigated during 
the present research through tests on a number of reinforced concrete cylinders. The results 
have been incorporated in the finite element computer program. A detailed description and 
discussion of the experimental work and the numerical material models are given in 
Chapters 4 and 5. 
2.4.2 SERC/BRE bridge concrete 
The previous section discussed the properties of AAR affected concrete in general. It has 
been shown that the effect of AAR will, to a certain extent, depend on the individual 
concrete mix and the environmental conditions. For example, the reduction of cube strength 
of concrete tested by SwamySwunS6, which contains fused silica as reactive aggregate, seems 
to be more severe than that of concrete tested by HobbsHobbS6, which contains natural 
reactive aggregate, compared on the basis of equal expansion, Fig. 2.17. 
The concrete used for the present research is the SERC/BRE bridge concrete which has 
similar mix proportions to that usually used in the UK bridge constructions. The properties 
of this particular concrete, as reported by a number of investigators, are reviewed in this 
section. 
General 
Clayton et al ctay90 have investigated the effect of AAR on a variety of properties at the 
Building Research Establishment. Some of the work has already been discussed in the 
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previous section. For completeness, all the test results obtained by Clayton et al are 
summarised in Fig. 2.28. 
In the data shown in Fig. 2.28, cube strength was detennined using 100 mm cubes, 
compressive strength and the modulus of rupture (flexure) from 300 x 90 x 90 mm tall 
prisms, the cylinder splitting strength and gas pressure tensile strength from 100 dia. x 200 
mm cylinders. All specimens in these tests were unrestrained and all strengths were 
measured at one monthly intervals from casting up to 5 months. Fig. 2.28 also shows the 
range of the expansions measured on the cylinders and prisms for strength testing and also 
on 200 x 75 x 75 mm prisms. The strengths are expressed as a percentage of the 
corresponding 28-day strength. 
The gap between the relative cube strength and relative prism compressive strength is more 
than 20%. This is not usually found in normal concrete. It indicates that the restraint from 
the platen of testing machine may have a more beneficial effect on the cube strength of AAR 
affected concrete than for normal concrete. This, therefore, indicates that the relationships 
between cube strength and other strengths for normal concrete may not be applicable for 
AAR affected concrete. 
The effects of AAR on the normalised cylinder splitting strength and on the normalised 
compressive strength measured on tall prism are similar. Based on these results and the fact 
that both the gas pressure tension test and the flexure test show a greater loss in strength 
than the cylinder splitting test, Clayton concluded that the cylinder splitting test can not be 
used to assess the tensile strength of AAR affected concrete. 
It should be mentioned that, in a recommendation for assessment of the bond strength of 
ribbed bars without links in the cover region, Chana et al reported that ASR leads to a 
reduction in bond strength which is of a similar magnitude to the reduction in the splitting 
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strength of the reactive concreteChan91 . 
Direct tensile strength 
The direct tensile strength is one of the concrete properties required for the nwnerical 
analysis. Probably because of the difficulties in carrying out a direct tension test, no data for 
the direct tensile strength of affected concrete have been found. However, the flexure 
(modulus of rupture) and gas pressure tensile strength are considered to be close enough to 
the direct tensile strength to provide information for the analysis. 
Fig. 2.28 shows that the relative gas pressure tensile strength which is the worst affected 
property, and occurs at the earliest stage when compared with the other properties. The 
pattern of the strength reduction is similar to that described by Nixon, Fig. 2.22, and 
Swamy, Fig. 2.20, with an abrupt reduction at the beginning of AAR before noticeable 
expansion occurs and there is no significant change in the strength after expansion starts. 
Wen et alwen92 (see also Chapter 4) have carried out expansion tests in which the specimens 
were subjected to constant tensile stresses of relatively small values of 0.5, 1, and 1.5 
N/nun2• Apart from one tensile specimen which was able to sustain a stress of 0.5 N/nun2 
for 7 months to the end of the test, all other specimens failed within 10 days before AAR 
expansion started. No visible cracking was observed before the tensile specimens failed. The 
test results indicate that there is a drop of tensile strength just before AAR expansion 
begins. 
Because the number of tensile strength tests is small, and considering the characteristics of 
the deterioration of tensile strength described above, it may be reasonable and convenient in 
a numerical analysis to assume that the tensile strength of the affected concrete drops 
abruptly to a given value as soon as the AAR starts and then remains constant with 
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increasing expansion. 
Uniaxial compressive stress 
The data shown in Fig. 2.28 are the ratios of the strengths to corresponding 28-day 
strengths. As the concrete is relatively young during the period of AAR development, the 
strengths, particularly the compressive strengths, would have increased further if the AAR 
had not occurred. Therefore, the changes on the relative strengths shown in Fig. 2.28 are 
due to the combined effects of the continued cement hydration, which has the effect of 
increasing strengths, and the AAR expansion which reduces strengths. 
In a structural analysis, the current properties of an affected concrete are required. 
Therefore, information on AAR effects on the properties of the concrete of equal maturity 
are needed. 
Wen et alwen92 (see also Chapter 4) have tested a number of plain and reinforced concrete 
150 nun dia. x 300 nun cylinders. The reinforcement ratios ranged from 0.21% to 3.4%. 
The final expansions of the cylinders were from 1.67 to 7.25 nun/m. The uniaxial 
compressive strengths of concrete were estimated by subtracting the load carried by the 
reinforcement from the total load carried by the reinforced cylinders. The concrete strengths 
have been related to the level of expansion and the results are summarised in Fig. 2.29. 
Jones10ne93 determined the uniaxial strengths of plain cylinders, 100 nun dia. x 200 mm, 
conditioned under constant stresses of 0, 1, 2 and 4 N/mm2• Corresponding expansions at 
the time of testing were 5.9, 2.6, 1.7 and 0 .9 nun/m respectively. The results are plotted in 
Fig. 2.29. 
Fig. 2.29 shows that the relationships between strength reduction and expansion for 
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SERC/BRE bridge concrete obtained by both Wen and Jones are very close, although the 
reduction of strength appears to be slightly more sensitive to the expansion for the concrete 
tested by Jones. 
It should be mentioned that the expansion of the point marked "left over weekend" in Fig. 
2.29 was measured just before the cylinders were removed from testing ri~one93 • The 
cylinders were, however, left unrestrained over a weekend before load testing. Because the 
cylinders were left free for a few days, the actual expansion of the cylinder, when load 
tested, could have been much higher than the value shown in Fig. 2.29. If the actual 
expansion of the specimens was known, then the strength-expansion curve from the tests by 
Jones could be smoother. 
The increase of expansion that could have occurred within the few days between the release 
of the restraint on the cylinder and the load testing can be estimated from Fig. 2.30, in 
which the expansion measurements on a 100 mm dia. x 200 mm cylinder monitored by Wen 
et al are shown Wen92. The cylinder was made with nominally the same concrete and stored in 
similar conditions to those tested by Jones. The cylinder was restrained by a constant stress 
of 2.5 N/nun2 for 210 days and then freed from the restraint, Fig. 2.30. It can be seen that 
the expansion increased by 0.5 to 1.0 mm/m in just 3 days after the removal of the restraint. 
It should also be noted that when the restraint stress was released, the expansion under the 
restraint had not increased for about 100 days. 
Jones' tests suggest that the strength of AAR affected concrete is very sensitive to the way 
of testing. 
Young's modulus 
Wen et a1Wen9Z (see also Chapter 4) and Jones10ne93 have also monitored the effect of AAR 
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on Young's modulus. The results are given in Fig. 2.31 . It can be seen that the Young's 
moduli obtained by Jones are always higher than those reported by Wen et al. compared on 
the basis of equal expansion. 
It should be noted that the apparent difference in Young's moduli measured by Jones and by 
Wen may be due to different methods of testing. 
The Young's modulus obtained by Wen et a1 was deduced from the stress-strain behaviour 
of reinforced cylinders. The reinforced cylinders were tested under monotonic load to 
failure without any repeated preloading as is usually the case in a Young's modulus test for 
normal concrete. The load carried by the reinforcement was then subtracted from the total 
load carried by the whole cylinder and the stress strain curve for the concrete alone was 
obtained. The tangent at the origin of the stress-strain curve for concrete was taken to be 
the value of the Young's modulus. To emphasise the fact that no repeated preloading had 
been applied in the tests, the Young's modulus obtained was referred to as the initial 
(tangent) Young's modulusWen92• 
In the tests by Jones, it appears that the specimen may have been repeatedly preloaded 
during the Young's modulus test. H this is the case, the preloading may have made the 
specimens stiffer by pre-compacting. 
However, from the fact that the two curves shown in Fig. 2.31 are parallel, the two set of 
data may be very close if they can be normalised with regard to the Young's modulus of the 
same concrete without AAR expansion. 
It is the writer's opinion that the deformation properties of AAR affected concrete obtained 
from specimens without any pre-loading are the most suitable parameters to be used in a 
numerical analysis of affected structures. 
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2.5 CASE STUDIES 
In this section four cases of AAR affected reinforced concrete members either tested in the 
laboratory or in the field are reviewed. 
2.5.1 Members tested in the laboratory 
Members tested in Denmark 
Intensive laboratory investigations have been carried out in Derunark since 1984 supported 
by the Road Directorate of Denmark. A summary of the experimental work has been given 
by Bach et a1Bach92. The tests carried out include the determination of the shear strength of 
beams with and without shear reinforcement, punching shear strength of slabs and 
anchorage bond strength. Two mixes of reactive concrete were investigated. One nux 
contains reactive fine aggregate with 10% opaline chert. The other used both fine and 
coarse (in 3-6 n:nn portion) reactive aggregates containing 10% and 55% opaline chert 
respectively. 
It was reported that the shear strength of the beams and slabs are not reduced even by 
serious AAR deterioration. However, the bond strength was found to be reduced by 20-
25%. The conclusions appear to be in general agreement with those drawn from tests on the 
shear strength of beams, punching strength of slabs and pull-out bond strength carried out in 
the UK by Cope et alCape92, ClarkCJar92b and Chana et al<lwla9l . 
To demonstrate the influence that AAR can have on the structural performance of a 
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reinforced concrete member, Bach presented the results of tests of two beams with identical 
geometty and reinforcement details but one is a reference beam (AO) with non-reactive 
concrete and the other is of reactive concrete (Al2). More detailed description of the tests 
are given in the Road Directorate of Denmark reportsRoad86• 90• The load deflection curves of 
the two beams are given in Fig. 2.32. 
It can be seen from Fig. 2.32 that the AAR affected beam has a load capacity 2.5 times that 
of the unaffected beam. The deflection at failure of the AAR affected beam is 6 times that of 
the unaffected beam. 
The reason for the differences was not given in the paper and was reported to be 
investigated in a further research project. However, two hypotheses were mentioned: 
• The extensive fine cracking due to AAR leads to a higher ductility and thereby to the 
possibility of more efficient stress distribution (arching-action) in the shear zone. 
• The shear capacity was increased because the expansion led to a prestressing of the 
beam. 
More detailed quantitative numerical studies into the reasons behind the dramatic change in 
the structural performance of the beam due to AAR would improve the understanding of 
the AAR effects on structures. The results can also be used to verify numerical approaches. 
Beams tested at Kobe University, Japan 
Fujii et alFujiS6 have reported laboratory tests on 26 beams to investigate static and fatigue 
performance of AAR affected beams. The reactive concrete contained bronzite andesite 
coarse aggregate whereas the reference concrete used inert crushed gravel. Both concretes 
contained the same amount of added alkali. The beams tested contained both compression 
and tension reinforcement. Stirrups were provided for all beams. 
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In the tests, the strains of the reinforcement were directly monitored by electrical strain 
gauges. The cracks in the concrete due to AAR became visible when the reinforcement 
strain was about 200 micro-strain. The expansions were found to reduce with increasing 
reinforcement ratio in both the longitudinal and vertical directions. 
The shear strengths of the beams were determined under two-point loading with a fixed 
shear span to total depth ratio of 2.5. It was reported that there were not as many cracks, 
caused by the external loading during the shear strength test, in the flexural span of the 
affected beams as in the reference beams. In the shear spans, the major diagonal shear 
cracks observed in the reference beams did not occur in beams with AAR. 
Fig. 2.33 shows the load-deflection curves of three beams tested under static loading. It is 
interesting to note that, although the Young's modulus of AAR affected concrete was 
reported to be only 30% (probably unrestrained specimens) of that of the unaffected 
concrete, the affected beams do not appear to be any softer than unaffected beams. The 
affected beams were even stiffer than reference beams at the intermediate load level, Fig. 
2.33. The testing method for the Young's modulus is not given in the report, but Fujii et al. 
commented that the stiffness of the affected concrete inside the beam subjected to three 
dimensional restraint should be higher than that when the concrete was tested. 
It is also interesting to note that the results of fatigue tests showed that the beams with 
AAR showed an increased number of cycles to failure. This is because all the beams 
subjected to fatigue test, both reactive and non-reactive, failed by fracture of the main 
reinforcement and the range of strain change in the reinforcement under a given repeated 
load is significantly less for beams with AAR than for the reference beams. 
Fujii et al. also reported that in some of the beams with AAR, the compressive strain of the 
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concrete increased with increasing number of load repetitions. 
2.5.2 In-situ structures 
Hanshin Expressway, Japan 
The Hanshin Expressway runs between Osaka and Kobe in Japan. In one elevated section of 
the Expressway, supported on 500 piers, about 100 piers exhibit severe visual cracking due 
to AAR. The first crack was noticed in 1979, only four years after constructionimaiS6. 
In 1984, the surface cracking was considered to be severe with crack widths up to 5 nm 
and depths up to 100 mm. Load tests were performed on both damaged and undamaged 
piers. The shape of the piers, the load arrangement and deflection measurement positions 
are shown in Fig. 2.34. The loads applied were up to 80% of the design maximum live load. 
Two load arrangements were adopted. In one arrangement, the load was symmetrically 
applied on both outer lanes of the road, Fig. 2.34. In the other, only one side of the road 
was loaded. 
Pulse velocity, compressive strength and Young's modulus were tested on cores drilled from 
the piers. It was reported that the Young's modulus of concrete from affected piers was 
only 20% that of unaffected concrete with value of only 6.2 kN/mm2• The method of testing 
was not mentioned. However, the deflections measured on both affected and unaffected 
piers during the load tests were similar. It seems clear that the Young's modulus as 
measured from the cores did not provide the correct property for the concrete within the 
pier. 
It is also reported that the concrete properties varied very little through the thickness of a 
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pier. 
Frame in South Africa 
In 1977, several reinforced concrete portal frames in the Joharmesburg urban motorway 
system were found to be severely cracked. One of the frames, C15, was load tested in 
1982BligSJ, 86. The test showed that the frame was fully capable of carrying its design load. 
Observations after the first load testing showed that crack width was continuously growing. 
A second full-scale load test was carried out in 1988. The results showed no significant 
deterioration since the fust tes~1is89. 
Both the first and the second load tests showed that the frame behaved predictably and 
elastically under load. Fig. 2.35 shows the load-midspan deflection curves from these two 
tests. It can be seen that the two curves are very close although the curve from 1988 test 
shows that the frame was slightly softer than it was in 1982. 
In 1990, part of the upper beam of the frame was demolished and replaced by a non-
reactive reinforced concrete duplicate. Before the demolition, a nwnber of cores were taken 
from the part of the frame to be removed. The compressive strength, ultrasonic pulse 
velocity, modulus of elasticity and residual expansions were determined from the cores. 
Commenting on these tests, Alexander et alAJex92 stated that there did not seem to be any 
variation of the properties that would indicate a progression of the reaction from the outside 
of the concrete towards the centre of the beam. The entire volwne of concrete of the part of 
the frame to be demolished was more or less equally affected. The width of the demolished 
part was 1250 mm. As has been mentioned earlier, a similar conclusion had been drawn 
from the investigation of the Hanshin Expressway. 
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It should be mentioned that although Bach et al concluded that the behaviour of AAR 
affected concrete can be predicted on the basis of properties measured from cores, the load 
test results showed that this frame was stiffer than the Young's modulus from the cores 
suggested, Fig. 2.35. 
Fig. 2.35 also shows that, in both the 1982 and 1988 load tests, the frame behaved 
'elastically' up to a high load level, 80% percent of maximum design load. This is considered 
to be due to prestressing by the AAR expansion. Therefore, the 'elastic' behaviour may 
depend on the level of expansion and the stresses induced. 
Bach et al also reported results from expansion tests on the 25 year old cores. they found 
that the expansion was continuing. However, since the maximum expansion was only 450 
micro-strain, it is not clear whether the apparent expansion is due to residual AAR 
expansion or other reasons, such as moisture swelling. 
2.6 DISCUSSION 
• From the review of the literature, it has been frequently suggested that the alteration of 
stress distributions due to AAR in a structural member could change the mode of failure 
and, therefore, modify the load capacity and deformation properties. The stress due to 
AAR can have various effects on different parts of a structural member, some beneficial, 
e.g. increasing stiffness and fatigue life (Fujii86), and some detrimental, e.g. decreasing 
the load capacity of lap bond specimens (Rigden92a, Chana91). The influence of AAR. 
on the structural performance could be very significant, e.g. the beams tested by Bach et 
al (92). However, the literature review also suggests that there is insufficient knowledge 
about the way in which the AAR changes the stress distributions within a member and 
the ways in which the stresses induced by AAR affect the structural performance. 
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Further quantitative research into this aspect is required. For this purpose, a reliable 
numerical approach is indispensable. 
• To predict the stresses, the expansion behaviour of AAR affected concrete has to be 
known. The expansion due to AAR is sensitive to the level of stress, Figs. 2.10 and 
2.11. When AAR develops within a structural member, the stresses in concrete will 
generally change due to restraints to the expansion from, e.g. reinforcements, supports 
and adjacent members. The change of stress in concrete will affect further AAR 
expansion. The interaction between stress and expansion makes it necessary to consider 
the stress and expansion history when subsequent expansions are to be assessed. 
• To numerically predict the expansion due to AAR, an incremental approach .is 
considered to be necessary to allow for the interaction between the stresses and the 
expansions. The instantaneous relationship between the stresses and the incremental 
expansions is essential for the numerical modelling. 
• To assess the expansion m a member, knowledge of multidimensional expansion 
behaviour is required. A number of expansion tests suggest that the effect of stress on 
expansions in the perpendicular directions to the stress is negligible for concrete with 
mix proportions similar to that used in normal practice with a maximum expansion less 
than 8 nun/m and under moderate restraint stress, Jones(93), Cope(90) and Abe(89). 
Some tests on affected concrete(Rigden92a), probably very rich in gel, with very high 
maximum expansion (23 nun/m) showed 18% increase in the lateral expansion at a 
stress of 8 N/mm2• Further experimental work on the multidimensional expansion 
behaviour of AAR affected concrete is required. However, based on the available 
experimental evidence, it appears that for concrete similar to that in affected structures 
found in normal practice, the influence of stress on the expansions in perpendicular 
directions may be ignored in a structural appraisal without causing significant error. 
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• The moisture distribution in a member needs to be considered when the expansion 
distribution in a member is to be assessed 
If the concrete in a member can be regarded as 'uniform' in terms of reactivity, the AAR 
will initially occur throughout the member. The subsequent expansion could be affected 
by the availability of moisture. For a concrete in a damp environment, the surface 
expansion would be expected to be higher than the expansion in the core zone for a 
certain period after the commencement of AAR. This has been reported to be true for a 
block(1000x1000x2000 mm) under continuous water spray monitored by Barnforth et 
al (92), although the method used in the tests may have underestimated the internal 
expansion. 
The difference between the internal and the external expansions will depend on the size 
of the member, the rate of the AAR expansion and the ease with which the moisture 
can move within the concrete. In the tests on the frame in South Africa by Blight et al, 
the moisture content, UPV, crack intensity and the concrete properties have been found 
to be more or less the same through the 1250 lJUl1 width of the frame. This is probably 
partly due to the fact that moisture moves relatively easily in the affected concrete 
(Blight91), and the expansion had been developing for a long period of time. 
• A number of formulae have been proposed for the strength assessment of affected 
members (Clark89, McLeish91, Chana91, Cope92b). In these formulae, accurate 
estimation of the current expansion of the member is critical for a reliable assessment. 
However, the expansion varies with position, sometimes very significantly, Fig. 2.6 
(Chana89). The variation of the expansions are difficult to detect by currently available 
techniques, such as measuring the surface cracks. A numerical approach should be able 
to predict the possible expansion profile and assist in the determination of the current 
53 
expansion 
• The change of structural performance of AAR affected members could also be due to 
the changes of the properties of the concrete. These can include the change in the bond 
between concrete and reinforcement and the changes in tensile strength, compressive 
strength and deformation properties of the concrete. 
Generally speaking, the tensile strength is affected at the earliest stage and is also the 
worst affected property. The reduction in compressive strength due to AAR is 
relatively less than the reduction in the tensile strength and appears to be dependent on 
the level of expansion. The effect on the modulus of elasticity due to AAR also appears 
to be more dependent on the expansion than the tensile strength. The relationships 
between cube strength and other properties, such as the uniaxial compressive strength, 
the tensile strength and the Modulus of elasticity, for AAR affected concrete appear to 
be different to those for normal concrete. 
• The stress-strain response for AAR affected concrete was not available when the 
present work started. Experimental investigations into the response have been included 
in the present work, details are given in Chapter 4. 
• The concrete affected by AAR in a structural member is often in a multidimensional 
stress state, due to the restraint from the reinforcement cage. It appears that uniaxial 
load test on cores provide very limited information on the performance of concrete 
within members. Further multidimensional stress tests on affected concrete are required. 
• The properties and cracking intensity of the concrete in the beam tested by Alexander et 
al were reported to be more or less the same through the thickness (Alexander92). The 
investigators of the Hanshin Expressway also reported that the concrete properties 
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varied very little through out the thickness of a pier (Clark89). A similar conclusion can 
also be inferred from Fig. 2.5 (Hobbs90). These examples indicate that for certain 
affected structures the concrete properties through the thickness of the structure may be 
reasonably treated as equally affected. 1bis justifies the use of a plane stress analysis for 
structural assessment in some circumstances. 
• Creep is known to be an important factor affecting the behaviour of prestressed 
concrete structures because it causes partial loss of prestress force and produces 
changes in deformation. Creep is expected to have similar effects on AAR affected 
reinforced concrete members. The effects of AAR on structural members due to the 
induced stresses may change with time over a long period of time. No detailed research 
has been found ir.. this aspect. 
Both creep and AAR expansion are stress-dependent. It is difficult to detennine the 
separate contributions to the total deformation of creep and AAR expansion. The 
expansions reported in the literature are generally overall expansion which will include 
the creep. However, since many expansion tests have been carried out on specimens 
under relatively small compressive stress, 0 to 6 N/rrun2, the creep is not generally 
expected to be a significant proportion of the expansion. 
Knowledge of the creep behaviour of AAR affected concrete under medium stress 
level, say 30% to 50% of compressive strength of the concrete, is required to assess the 
long-term effect of creep on structural members. No data have been found in this area. 
Further research is needed. 
Creep is not modelled in the numerical approach developed in the present research 
because of the lack of data. 
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EXAMPLES and SOURCE OF REFERENCES 
i) Railway sleepers Shay92b. ii) Columns of cooling tower. A~ coarse-chert; fine-chert, 
jasper, quartzite. Env. cond.: damp with temp. 40 C . ill) Bridges, a wharf 
structure etc .. Extrusive volcanic sourcec-"' 19• iv) A dam CoMil . 
i) About 25 cases have been reported in recent yearsHoiJI'l. ii) A lightweight concrete 
bridge. Agg.: sintered shale grain containing lot of leachable alkalis. Extra pore space 
did not prevent expansion.c~oc.uk92. ill) Road and Columns of a building v .. o-19. 
Moxoto Dam CavaB6 
Hurdman Bridge build in 1906 was the oldest known AAR in CanadaRDrl9, railway 
ties etc. Generally low Na,O cement. Reactive Alkalis: aodesite and associated 
volcanic roc~3uartzite, opaline shale, siliceous shale etc. Powelhouses Albol6 .• Railway 
bridge piers . 
Industrial buildings, bridges, railway sleepers etc. found in the late 80s Tq9lb. Cement: 
high alkali (1.1% Na,O equiv.). Alkali content in concrete: 5.23 kgtm3. Reactive agg.: 
siliceous limestone/dolomite pebble, basalt and aodesite. Weather: moderate temp. 
Conditions: some humid and some relatively dry. 
Bridge pillars ldott9' motorway bridges, some elements cracked 1 year after 
construction. Nioll3. Two pedestrian lightweight concrete bridges. cloc-.Jdn. Reactive agg. : 
opaline limestone and flint for normal weight concrete Oud9. De-icing agent (NaCI) 
accelerates ASR. 
Dams identified in 1970s. Bridges found in N. France 1987 Oodt91. Weather: cold and 
humid require deicing salts in winter. Agg.: microcrystalline quartz crystals & 
metamorphic siliceous limestone containing pyrite grains. 
Concrete in some houses built in 1960-1979. Cement: 1.5 equiv. Na20. Weather is 
wet Agg. sea dredged sand No AAR case since 1979 due to stopping using unwashed 
sand and using silica fume concrete a.m. 
Prestressed concrete railway bridge beams. Cracks were found due to the expansion of 
grout bJl91. Grout compositions - Portland cement: sand: water: additives= 12kg: 3kg: 
6liter: 0.36kg. Env. cond: moist and warm in summer. 
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Table 2.1 (continue) Examples of AAR affected concrete structures 
COUNTRY EXAMPLES and SOURCE OF REFERENCES 
Italy Industrial floors diagnosed in 1981, the first case in Italy •...as. A chimney a.-. A 
number of unidentified structures in south-east part of Italy. Agg.: flint-rich 
alluvia. BdJ'l. 
Japan Piers, bridges, counterfort walls, precast units used in coastal protection, tunnel 
portals, schools and offices. Agg.: limited to andesite, chert and slate coarse agg .. Sea 
dredged sand increased alkali in concrete. Niabl9. Cement: increased to achieve 
pumpability. 
Kenya Kamburu spillway Simo». Agg.: opal contaminant in coarse agg. and strained quartz. 
Netherlands Viaduct etc. Cement: 1% Na,O equiv .. Agg.: imported agg., chen. Env. cond.: damp 
and de-icing salt Ho!Ji'l. 
New Zealand Over 35 bridges were confirmed affected by AAR out of 420 investigated in areas 
where reactive agg. were available. Cement: some are low alkali contributing alkali 
less than 1.2 kg/m3. Alkali content of 5 kg!m' is reached due to the contribution from 
agg. Agg.: basalt which contributed alkali to concrete StJabDI9, sn.K-•t. 
Nprway Dams, hydropower plants foundations, retaining walls, piers and road bridges (found 
in late 80 and early 90). High alkali cement: 1.09-1.21 Na,O equiv .. Agg.: igneous 
rocks, sedimentary rocks and metamophic rocks. Env. cond.: dump and cold .-sn. 
Pakistan Tarbella Dam (strained quartz)'I\Ail 
Poland A number of AAR damaged concrete cases (not identified) - . 
South Africa: A dam, freeways, road bridges, office buildings, a water pipeline, Pavements etc. ~ 
a-tl, BU.13. Stnl6, Hopp16, s.-11 
Sweden Swimming pools a-~u 
UK Foundations of electricity sub-stations, bridges, sewerage treatment works, reservoirs, 
a jetty, a dam, a multi-storey hos~tal, offices, a multi-storey car-park, a race course 
stand and a ventilation shaft llal>baa, ' Newl5, eowa, Footl3o. m. u. Oull79. 
USA Prwn Afteibay Dam (reconstructed) and some other dams, bridge structures, 
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content and the hydroxide ion concentration in 
the pore solution of mortar bars at equilibrium. 
(Diamond 89). Water/cement ratio =0.5. 
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Flg.2.3 Influence of temperature on expansion 
of concrete containing fused silica, (Swamy 88a). 
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Flg.2.2 Influence of temperature on expansions 
of cores drilled from affected structures, (Mott, 
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Flg.2.4 Weight and expansion measured on 
cores drilled from affected concrete during 
residual expansion tests, (Courier 93) . 
Fig.2.5 Section of core taken from affected beam. 
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Flg.2.7 Typical surface cracking in unrestrained 
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Fig.2.6 Horizontal expansions along the top 
of a beam under a constant concentrated 
load at midspan, (Ghana 89). 
Fig.2.8 Typical surface cracking on beams. The 
cracks tend to follow the direction of main rein· 
forcement, (Hobbs 88). 
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Flg.2.9 Comparison of expansions measured directly 
on reinforcement with those measured on the 
surface of pull-out specimens along the direction 







! 40 - . --~-;.:~ 
20 ~ ...... _.,. 
.. ...... .;_·=-·;_--
0 ~-6~~-~5--~~~---~3~~-2~---~1--~0L---~--~2 
Constant restraint stress (N/mm ~ 2) 
Flg.2.11 Expansion of SERC/BRE Bridge concrete 
under constant stress expressed as percentage 
of unrestraind expansion. 
8 
7 Jones (lBduced) 
:gs Jones (~nstant) 
Wen Q~uced) E 5 l> 
.5. 
54 Wen (~nstant) l> 0 
(ij 0 .. 
c: 3 
!2 




0 ... .. 
-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 
Final stress In concrete (N/mm ~ 2) 
Flg.2.13 Comparison of expansions of SERC/BRE 
Bridge concrete under constant stress and 











Constent restraint stress (N/mm ~ 2) 
Flg.2. 10 Expansion of SERC/BRE Bridge concrete 
under constant stress. 
.• !> 
lnduced avna 




lnc1Jcod ... _ 




Compressive stress In concrete (N/mm ~ 2) 
Flg.2.12 Comparison of expansions under applied 















G ....... G ·· 
·EJ ........... ··O 
0 oL---0~.-5--~----1~.5,---2L---~2.~5--~3----3~.5-----4 
60 
Reinforcement ratio (%) 
Flg.2.1 4 Effect of reinforcement ratio on expansion 
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Fig.2.19 Effect of expansion on splitting strength 
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Flg.2.23 Gas pressure strength and expansion 
of SERC/BAE Bridge concrete (Clayton 91). 
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Flg.2.24 A possible stress situation in a lap bond 
strength test. 
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Flg.2.32 Load·deflection curves of beams with 
and without AAA, (Bach 92). 
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Chapter 3 An AAR Expansion Model 
3.1 INTRODUCTION 
It has been discussed in Chapter 2 that AAR expansion may affect the structural 
performance of an affected member in the combination of the following ways: 
• Introducing stress in concrete and reinforcement. 
• Altering the bond stress between the reinforcement and concrete. 
• Causing deformation of the structure. 
• Changing the properties of the concrete, including strengths, deformation properties and 
the cohesive bond between the concrete and the reinforcement. 
The literature review suggests that the magnitude and the distributions of the stress induced 
due to AAR are the predominant factors in changing the performance of an affected 
member. It is obvious that the reliability of a structural appraisal will, to a large extent, 
depend on the correctness of the stress assessment. The stress situation for an affected 
concrete structure, however, will depend on the status of the expansion. 
In order to develop a numerical approach for AAR affected members, a model for AAR 
expansion has to be first established. 
In this chapter a numerical AAR expansion model is proposed. The model has been 
incorporated into a non-linear finite element computer program for the analysis of AAR 
affected concrete members. Since the most significant difference between a nwnerical 
approach for the affected concrete and that for concrete without AAR is the inclusion of the 
AAR expansion, before a full description of the non-linear finite element computer program, 
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which is given in Chapter 5, the AAR expansion model is described in detail in this chapter. 
Another reason for the separate description of the expansion model is that the expansion 
model is self contained. The expansion model described in this chapter is sufficient to allow 
an expansion analysis of certain affected members to be carried out. 
3.2 THE EXPANSION MODEL 
3.2.1 The uniaxial stress-expansion relationship 
As have been discussed in the literature review, a large number of factors affect AAR 
expansion in concrete. However, for a given affected concrete member under given 
environmental conditions, the factor that alters the value of the expansion most is the stress. 
In the following discussions, the expansion of an unloaded plain concrete specimen will be 
referred to as the free expansion or unrestrained expansion. The expansion of a concrete 
specimen under external forces will be referred to as the restrained expansion or simply the 
expansion. 
In this section, the uniaxial stress-expansion relationship is described. The multidimensional 
stress-expansion relationship is given later. 
Fig. 3.1a shows a diagram of two identical concrete units A and B under the same 
environmental conditions. Unit A is stress free and unit B is under an uniaxial stress <1 c. At 
time t1 the expansion of the concrete units are £~1 and£811 for units A and B respectively. 
After a small period of time At, the expansion of unit A becomes £~1 and that of unit B is 
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Eexz· The incremental expansions are L\.E~ and &ex for units A and B respectively, Fig. 
3.1b. L\.E~ is called the incremental free expansion and &ex is called the incremental 
restrained expansion. Generally, &~ and d£ex are different. In the proposed expansion 





if the expansion increments are indefinitely small. 
F( cr c) is the ratio of the restrained expansion to the free expansion and is referred to as the 
uniaxial stress-relative expansion relationship. Eqs. 3.1 and 3.2 are referred to as the 
uniaxial stress-expansion relationship (S-E relationship). 
To determine the S-E relationship, detailed information on the effect of stress upon 
expansion during the whole process of AAR expansion is essential. From the literature no 
directly relevant data were found. However, by comparing data from residual expansion 
tests on cores, which have already expanded before the expansion tests, and that from 
expansion tests on cast specimens, in which the expansions start from zero, it was observed 
that the stress-expansion relationships from the expansion tests for concrete at different 
stages of AAR expansion appear to be similar. 
Based on these preliminary studies, it was assumed in the proposed expansion model that 
the stress-expansion relationship remains unchanged throughout the whole process of AAR 
expansion. 
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To check whether the above mentioned asswnption is valid, expansion tests on SERC/BRE 
bridge concrete have been carried out. The relationship between the incremental free 
expansion and the incremental restrained expansions under a range of constant stresses has 
been monitored. It has been proved from the tests that the above asswnption is a reasonable 
approximation. The detailed description and discussion on the tests and of the instantaneous 
stress-expansion behaviour are given in Chapter 4. 
Based on the above asswnption, it follows that if the instantaneous stress expansion 
relationship is given by Eq. 3.2, then the total expansion will be 
!10 
E~ = J~cr.(E~)]dE~ 
0 
in which 
E~ is the free expansion, the basic variable of the expansion process .. 
E~ is the target free expansion pre-specified for the analysis. 
E~ is the restrained expansion when the free expansion is E~ . 
cr. is the stress in concrete. 
(3.3) 
It will be explained in the next section that the basic variable of the expansion process in the 
proposed expansion model is the free expansion, E~ . Therefore, cr. is generally a function 
of E~. If, however, the stress cr. is constant throughout the expansion process, Eq. 3.3 
becomes 
(3.4) 
Eq. 3.4 is called the constant stress-total expansion relationship. Therefore, the uniaxial 
stress-relative expansion relationship, F( cr.), remains unchanged for both the constant 
stress-total expansion relationship and the instantaneous stress-expansion relationship. 
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The constant stress-total expansion relationship, Eq. 3.4, can be obtained from tests in 
which concrete specimens are subjected to a range of constant stresses. The data from the 
tests can be used to obtain the uniaxial stress-relative expansion relationship, F( cr c). The 
instantaneous stress expansion relationship is then given by Eq. 3.2. 
Fig. 3.2 illustrates the connection between the constant stress-total expansion relationship 
and the instantaneous stress-expansion relationship. 
3.2.2 The basic variable for expansion process 
AAR expansion can be altered significantly by the stresses in the concrete and the stresses 
which generally vary with increasing expansion. In order to assess the expansion 
distributions correctly, the history of the expansion needs to be carefully assessed. It is, 
therefore, considered that an incremental numerical approach has to be adopted for the 
expansion modelling. 
To trace the expansion history, it is natural to consider using the time-unrestrained 
expansion curve of the concrete to be analysed. However, this has been proved to be 
extremely difficult, if not impossible, based on the currently available knowledge and 
information. The difficulties arise from the facts that the time expansion curve of concrete 
varies significantly and appears to be extremely sensitive to many factors. It is difficult to 
estimate the time-expansion curve even for a given concrete and given conditions. 
Cope et a1Cope90 have presented data from expansion tests on beams. The expansions 
measured on the beams were compared with companion cylinders made with the same 
concrete and stored in the same conditions as the beams, Fig. 3.18. The data suggested that 
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the development of the expansions · within the beam are closely associated with the 
development of the free expansion of the cylinders. Therefore, the free expansion seems to 
be a suitable parameter for the description of the expansion process. 
In the proposed model, the basic variable for the expansion process has been chosen to be 
the free expansion. The expansion is considered to develop from a free expansion, denoted 
by E~, of zero to a specified value, say E!:. The duration of the expansion is not considered 
in the model. 
AAR expansion in affected structures generally progresses over a long period of time. Even 
in accelerated expansion tests conducted in the laboratory, expansions generally take at least 
few months to complete. In these circumstances, the influence of the rate of expansion 
appears to be insignificant. The inclusion of time in the numerical model is, therefore, 
considered to be unnecessary. 
If, however, the time-free expansion relationship is known, then the free expansion can be 
converted to time through the time-free expansion relationship. Some examples are given 
later in this chapter, Section 3.3.2. 
Fig. 3.3 illustrates the assumed expansion process through two examples. One is the 
expansion of a concrete unit under a constant compressive stress, a •. The other under 
gradually increased compressive stress, e.g. due to the restraint from the reinforcement, 
from zero to a final value of a •. As free expansion grows from zero to a specified value of 
E!:, the restrained expansion increases to E~. 
Fig. 3.3 also shows that, as has been shown by HobbsHobb90, the expansion under increasing 
compressive stress is always higher than that under constant stress if the final stresses in the 
concrete are equal. 
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3.2.3 Multidimensional stress-expansion relationship 
No systematic investigations on the multidimensional expansion behaviour of AAR affected 
concrete, with realistic concrete and expansion level, have been found in the literature. The 
observations of the multidimensional expansion behaviour can only be qualitatively made 
from publications on some uniaxial expansion tests in which the expansions in the 
perpendicular directions to the applied stress have been monitored. 
Most of the test results, in which the multidimensional expansion behaviour has been 
observed, indicate that uniaxial stress has negligible influence on expansions in the 
directions perpendicular to the applied stress. Some examples have been discussed in 
Chapter 2. These include laboratory tested beamscope!IO, Abe89 and cylinders under constant 
compressive stresses up to 4 N/mm210""93• 
However, the expansion tests on 500x500x200 concrete blocks subjected to uniaxial 
compressive stresses of 4 N/rrun2 and 8 N/rrun2 carried out by Rigden et alRigd92b show that 
when the applied stress was 8 N/rrun2, the expansion in one of the perpendicular directions 
increased by 18 %. There are many possible reasons for the difference between the effect of 
stress on perpendicular expansions found by Rigden and those found by others. For 
example, the concrete tested by Rigden et al contained artificial reactive aggregate, fused 
silica, to boost the expansion to an extremely high value (free expansion 23 nun/m), there 
was a high proportion of fine aggregate in the concrete, and the level of applied stress was 
higher than others. 
Because the nwnber of test results are very limited, it is not possible to carry out a detailed 
study on the multidimensional expansion behaviour. Further research is required in this area. 
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However, it is considered that for a concrete with mix proportions similar to those used in 
normal practice with a maximwn free expansion of the order of 5 mm/m under moderate 
stress, the influence of stress on perpendicular expansions can be ignored. 
Based on the above, it is asswned in the expansion model that stress has no influence on 
perpendicular expansions. In the plane stress finite element analysis, therefore, the 
expansions can be determined independently in the directions of principal stresses using the 
uniaxial stress-expansion relationship. 
3.2.4 Summary of the expansion model 
a) An incremental approach is adopted for the AAR expansion analysis. The basic variable 
of the expansion process is the free expansion which is the expansion of the concrete with 
zero stresses. 
b) For a given increment of free expansion. the actual expansion of a concrete depends on 
the stresses and is governed by an instantaneous stress expansion relationship. The 
instantaneous stress-expansion relationship remains unchanged throughout the expansion 
process and resembles the constant stress-total expansion relationship for the concrete. 
c) The stress in the concrete has no influence on expansions in the directions perpendicular 
to the stress. Therefore, the restrained multidimensional expansions can be determined 
independently in the directions of the principal stresses. 
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3.3 APPLICATION OF THE EXPANSION MODEL 
In this section, a closed form solution of the expansion analysis for symmetrically reinforced 
members is derived. A computer routine for symmetrically reinforced members with a 
general stress-expansion relationship is described. The expansion model has also been 
incorporated into an elastic finite element computer program for general members. A 
general description of the following analytical examples is given in the next section. 
3.3.1 General description 
a) Sign convention 
The sign convention adopted in this thesis is 
Expansion and strain: elongation positive and contraction negative. 
Stress: tension positive and compression negative. 
b) Assumption 
In the following, it is asswned that the free expansion of the of the member could be 
regarded as to be 'uniform' throughout. The expansions of the concrete could then be 
considered to be the function of the stress only. 
This assumption is considered to be approximately valid in many of the laboratory tested 
members if the difference in behaviour of the surface layer of the concrete is ignored in the 
analysis. 
The asswnption may also be valid for some of the affected members found in real structures. 
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For example, both the investigators of the Hanshin Expressway in JapanConun86 and the 
Portal frame in South Africa8 1i886• AJex9'2 have mentioned that the concrete properties did not 
change through the width of the members. Titis is considered to be due to the fact that AAR 
occurs. from within the member and the beginning of the reaction is not affected significantly 
by the ambient conditions. The moisture conditions may affect the subsequent AAR 
expansion, but if the reaction takes place slowly over a long period of time, say a few years, 
then the difference of the expansion within the member due to the different moisture 
conditions may not be significant because the moisture conditions may be fairly uniform, 
due to migration of the moisture. As has been reported by a number of researchers, the 
movement of moisture within an AAR affected concrete is relatively easier than in a normal 
concrete, e.g. Blight91 and Imai86. 
It is also considered that, although the above mentioned pre-condition has been imposed 
upon the present analysis, it will not limit the appliCation of the proposed model to members 
with 'uniform' unrestrained expansions. If the model can be proved to be able to predict the 
expansions of members which satisfy the pre-condition, then the model should be able to be 
used in more general situations. For example, if AAR expansions vary within a member due 
to different moisture conditions, then different free expansions may be assigned to different 
parts of the member, according to the moisture situation. The basic effect of the stress on 
expansion and, therefore, the principle of the model, should remain unchanged. However, to 
include the effect of moisture will require knowledge of the moisture situation within the 
concrete and the influence of moisture conditions on the expansion. The required 
knowledge and information are not available at the present time. The study of the moisture 
effect is, therefore, beyond the scope of the present research. 
When variable AAR expansion occurs in a large structure, due to the variable constituents 
in the concrete, the model may also be employed by using different free expansions in 
different parts of the structure. This will require detailed field investigation. Such situations 
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are not considered in the present work. 
3.3.2 Closed form solution for symmetrical members 
Many tests have been carried out on member of synunetric section with synunetrically 
arranged reinforcement. An example is shown in Fig. 3.8aAbe89• In this section, a closed fonn 
solution for the expansion of synunetrically reinforced members is derived using the 
proposed model. In the analyses, the concrete is assumed to be linear elastic and steel 
elasto-plastic. 
The formulations 
Fig. 3.4 shows a general constant stress-total expansion curve. The curve may be 
approximately represented by a tri-linear stress-expansion relationship as shown in Fig. 3.5, 
and is expressed as 
0 
(3.5) 
where a: is the compressive stress beyond which the expansion stops. It can be seen that in 
the above stress-expansion relationship, the tensile stress has been assumed not to affect 
AAR expansion. 
H Eq. 3.5 is assumed to be the constant stress-total expansion relationship, a closed form 
solution for the expansion of symmetrically reinforced members can be derived as follows. 
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A simplified synunetrically reinforced concrete member is shown in Fig. 3.6. The current 
expansion of the member is £. If the reinforcement is within the elastic range, then the stress 
in the concrete is given by 
where 
cr.= -E.Ep 
cr. is the stress in concrete. 
E. is the Young's modulus of the reinforcement. 
pis the reinforcement ratio; p = AJAc. 
Ac is the area of concrete. 
A.. is the area of reinforcement. 
£ is the current expansion of the member. 
(3.6) 
If an indefinitely small incremental free expansion dE~ occurs, from Eqs. 3.5 and 3.6 and 
asswnption b) in Section 3.2.4, the incremental restrained AAR expansion will be 
where 
( E.P) t dE .. = 1+ cr~ dE .. 
dE .. - incremental restrained AAR expansion. 
dE~ - incremental free expansion. 
cr~ - the compressive stress beyond which the expansion will be stopped. 
(3.7) 
Note that, since the stress in the concrete of the member is within the range of cr~ to 0, only 
the second equation in Eqs. 3.5 is needed in the present analysis, Eq. 3.7. 
The actual incremental expansion of the member due to dE~ is denoted by dE, which is the 
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swn of the restrained AAR expansion d£ .. and the deformation of the concrete due to the 
stress increment corresponding to d£~, i.e. 
where 
d£ is the incremental expansion of the member corresponding to d£~ . 
d£ .. is strain of concrete due to stress increment corresponding to d£~. 
d£ .. is given, from the equilibriwn condition, by 
d£ .. =-mpd£ 
where 
m is the ratio of E. to E0 • m = E/Ec· 
Ec is the Young's modulus of the concrete. 




Since£ is a function of the free expansion £~ , from Eq. 3.10, the following differential 
equation is obtained. 
(3.11) 
The general solution of Eq. 3.11 is 
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0 B~ I (J' 0 Ea £=--• +Ce a,(l+mp) 
E,p 





0[ B~ 1 ) a • ea e = -· e o,(l+mp) -1 
E,p 
Eq. 3.14 is valid prior to the yield of the reinforcement, after which 
where eY is the yield strain of the reinforcement. From Eq. 3.9 
de = (1+ pE,e7 )de' 







After yield of the reinforcement the concrete stress will remain constant, thus the 
incremental deformation of concrete due to stress is zero, that is 
de =0 cc (3.17) 
From Eqs. 3.8, 3.16 and 3.17 
79 




The general solution ofEq. 3.18 is 
(3.19) 
C2 is determined using the condition that when e = ey Eqs. 3.14 and 3.19 will be equal. 
Substituting e = ey into Eq. 3.14 
e' =e' I = a~(1+mp)ln(1+PE.ey) 
"""' .,. •~•, pE O'o 
• • 
(3.20) 
Substituting e!x, from Eq. 3.20 fore~ and e = ey into Eq. 3.19, then 
Cl=£ - 0'~(1+mp)(1+peYE')m(1+peYE')· 
Y E.P 0 o 0 o 
• • 
Thus Eq. 3.19becomes 
e = (1+ pe7E, )[e' - a~(l+mp) ln(1+ pE,ey )]+e 
0 o ... pE 0 o y 
• • • 
(3.21) 
It should be noted that Eq. 3.20 will become indefinitely large when pE,eY I a~ approaches 
to -1. This means that there is a threshold reinforcement ratio, beyond which the 
reinforcement never yields, which can be calculated from 
(3.22) 
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where O'Y = E,EY and is the yield stress of the reinforcement. 
If the yield stresses of mild and high yield steel are 240 and 420 N/mm2 respectively and the 
minimum compressive stress required to stop the expansion, 0'~ is -4 N/mm2, then the 
threshold values of reinforcement ratios for the mild and high yield steel are 1.6% and 0. 9% 
respectively. These values are identical with those mentioned in a technical guidance 
published by the Institution of Structural Engineers0 or•92. 
Summary of the closed form solution 
The calculation of the expansion of a symmetrically reinforced concrete member using the 
closed form equations is sununarised below. 
a) Specify the level of free expansion, E::, and check whether the reinforcement will yield at 
the specified free expansion. The threshold value of the free expansion, E~ , beyond which 
the reinforcement will yield is calculated by Eq. 3.20. 
Note that the check is not necessary if p 0!: -0'~ I 0' Y, as in this case the reinforcement will 
never yield 
b) Determine the expansion of the member according to whether the reinforcement has 
yielded or not for the specified free expansion E::. 
• If p 0!: -0'~ I 0' Y or E:: SE~ , then the reinforcement is not yielding, the restrained 
expansion of the reinforced member is calculated using Eq. 3.14. 
• If E:>E~ , then the reinforcement has yielded, the restrained expansion of the 
reinforced member is then calculated using Eq. 3.21. 
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Fig. 3.7 shows a set of expansion, reinforcement ratio curves calculated using the closed 
form equations. The specified free expansion values are from 1 mm/m to 6 mm/m. By 
comparing Fig. 3.7 with Fig. 2.14, it can be seen that the predicted curves using the closed 
form solution follow the general trend of those of members tested in the laboratocy for a 
wide range of expansion capacities. More examples are given in the next sections. 
Beams tested by Abe et al 
Abe et alAbe89 have reported expansion tests on beams. All the beams were reinforced with 
identical arrangement of stirrups but with different longitudinal steel ratios. Details of the 
beams, positions of the expansion measurements and the test results are shown in Figs. 3.8a, 
3.8b, and 3.8c respectively. The mix proportions of the concrete are summarised in the 
following table. The value of cr~ used in the calculations is -3.5 N/mm2 based on the test 
data. 
3 Mix proportions of concrete tested by Abe et al (unit: kg/mj) 
Water Cement Sand Inen agg. Reactive agg. Added Total 
(sand stone) (andesite) alkali alkali 
195 350 882 448 438 5.83 8.00 
1) Added alkali: NaOH/NaCI/NaN02 = 1/1/1 (Na20 equivalent). 
2) Water/cement ratio= 0.557. 
The calculations of the expansions of the beams have been carried out using three free 
expansion levels, 0.44%, 0.49% and 0.55%, which correspond to the final three free 
expansion measurements on the prisms, Fig. 3.8c. The numerical predictions and the test 
measurements are compared in Fig. 3.9. 
82 
Hobbs' series I tests 
Symmetrically reinforced concrete specimens from Hobbs series I testsHobb88 have also been 
calculated using the closed form solution. For these specimens <J~ is taken to be -4.6 Nfnun2 
which is the maximum induced stress observed in the tests. 
The calculated expansions are compared with the experimental results in Fig. 3.10. A final 
stress, free expansion curve obtained using the closed form solution is shown in Fig. 3.11. 
Fig. 3.11 shows the difference between the final expansion of the concrete under constant 
stress and that under gradually induced compressive stresses from the reinforcement. 
Discussions on the closed form solution calculations 
( 1) The predictions using the closed form formulae follow the general trend of the test 
results, Figs 3.9 to 3.11. 
(2) The predicted expansions tend to be higher than those recorded in the tests in the 
medium reinforcement ratio range. This is probably due to the use of the simplified stress-
expansion relationship assuming that the relationship is a straight line between <J. = 0 and 
<J. = <J~. It is considered that if a more accurate curve is used the predictions could be 
improved. 
(3) The analytical results in Fig. 3.7 show that the higher the steel ratio the earlier the 
expansion tends to stop. This is in line with experimental observations. To illustrate this 
more clearly, the time-expansion curves predicted for the beams tested by Abe et al are 
plotted in Fig. 3.12. The time-expansion curves are obtained by converting the free 
expansion to time through the time-free expansion curve measured on the companion 
prisms. 
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It can be seen that the predicted values of expansion are reasonable. The prediction seems 
also able to reflect the general pattern of the expansion development of concrete with 
variable reinforcement ratios. 
Fig. 3.12, however, also shows that the predicted expansions tend to be higher than the real 
expansion observed in the tests in the early stage of the expansion development, piuticularly 
for the concrete with a high reinforcement ratio. This is probably because that in the 
expansion model the time is not considered and, therefore, the restrained expansion is 
related to the free expansion 'immediately'. Since the expansion of the gel has been shown to 
have the characteristics of a osmotic process0 ia89, the reality may be that the concrete under 
higher compressive stress takes a longer time to reach its expansion potential than a 
concrete under lower compressive stress. Another possibility is that the moisture is more 
readily available for less restrained concrete than heavily restrained ones. 
Similar curves for Hobbs' series I tests are given in Fig. 3.13. 
( 4) All beams tested by Abe et al had identical arrangement of stirrups but with three levels 
of longitudinal reinforcement, 1.27%, 1.99% and 2.99%. The test results show that the 
longitudinal reinforcement ratio does not have a noticeable influence on the transverse 
expansion, Fig. 3.12. It can be seen, from Fig. 3.12, that the highest transverse expansion 
occurred in the beam with the lowest longitudinal reinforcement ratio. The beam with the 
highest longitudinal reinforcement ratio has a transverse expansion in between the 
transverse expansion of other beams. 
(5) From the test results shown in Fig. 3.9, it appears that the scatter of the expansion for a 
given concrete tends to reduce with increasing reinforcement ratio. 
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3.3.3 A numerical approach for symmetric members with general S-E relationship 
In the derivation of the closed form solution for the expansion of synunetrically reinforced 
concrete members, it has been assumed that the S-E relation is of tri-linear, Fig. 3.5. Ha 
more complex S-E relationship is used then. the derivation of a closed form solution may be 
difficult or even impossible. In such cases, it is more convenient to solve the problem 
numerically. 
An incremental numerical approach can be used for the analysis. A flow chart is given in 
Fig. 3.14. 
In the flow chart, £!: is the pre-specified free expansion, N is the number of incremental 
steps, &~ = £!: IN is the increment of free expansion, & is called the increment of overall 
expansion and is given by 
where 
&"" is the increment of restrained AAR expansion corresponding to &~. 
& 00 is the change of strain in concrete due to stress increment !la • . 
(3.23) 
To describe the approach in more detail, the following analysis of the series II tests reported 
by Hobbs has been taken as an example. 
A bilinear curve between a. = a~ and a. = 0 is chosen to represent the S-E relationship of 
the concrete tested by Hobbs, Fig. 3.15. The stress-incremental expansion relationship can 





The strain of the concrete due to the stress increment is 
&ce =-mp&: (3.25) 
or 
(3.26) 
From Eqs. 3.23 to 3.26, the overall expansion increment is given by 
1
1 &: 




a 1 is the ratio of stress at the turning point of the bilinear curve to <J~, Fig. 3.15. 
a 2 is the ratio of the expansion at turning point of the bilinear curve to the maximum 
free expansion, Fig. 3.15. 
& ... AAR expansion increment as determined by Eq. 3.24. 
The values for the parameters in the calculation of the expansions of the specimens in 
Hobbs' series 11 tests are <J~ = 15 N/mm2 , a 1 = a 2 =0.25. The maximum free expansion is 8 
mm/m. The results are shown in Fig. 3.16. 
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3.3.4 Incorporation in a F.E. program 
General description 
The closed form solution and the incremental numerical approach described in the previous 
section are for the calculation of the expansion of synunetrically reinforced concrete 
members. The proposed expansion model can also be incorporated into a finite element 
computer program for the expansion analysis of generally reinforced concrete members or 
structures. This section describes the use of the model in a finite element program. 
An incremental procedure has to be adopted to allow for the expansion history. The basic 
variable in the expansion process is the free expansion. The total free expansion is divided 
into a number of small free expansion increments. The analysis is then carried out in a 
number of incremental steps. Within each incremental step, the solution procedure 
incorporating the expansion model is similar to one for initial strain problems, with the 
incremental restrained expansions at each concrete quadrature station at the beginning of 
the step _ being the initial strains. The additional calculation for the program, which 
incorporates the expansion model, is the determination of the incremental restrained 
expansions. 
As previously, it is assumed that the uniaxial stress does not influence AAR expansions in 
the perpendicular directions to the stress. Therefore, for a given incremental free expansion, 
the restrained expansions can be calculated independently in the principal stress directions at 
each concrete quadrature station and the values of the expansions depend upon the 
magnitudes of each principal stress. 
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A plane stress F.E. program 
The above procedure has been used in a plane stress finite element computer program. In 
the following description, only the aspects concerning the inclusion of AAR expansion are 
mentioned 
The analytical procedure is as follows. 
I. Specify the increment of free expansion, &: , at the beginning of each step. 
2. Calculate the incremental restrained expansions at each concrete quadrature station in the 
directions of the principal stresses. The equations are generally in the following form. 
where 
(i=1,2) 
aP• is the i th principal stress, i = 1, 2 for plane stress problem. 
&: is the incremental restrained expansion in the direction of aP• . 
&: is the incremental free expansion. 
(3.28) 
F( aP•) is the stress-relative expansion factor and is the function of the stress. If the 





a~ is the value of compressive stress beyond which the expansion stops. 
3. Transform the incremental expansions in the principal stress directions in to the local co-
ordinate system of the associated element. The transformed restrained expansions in the 
local co-ordinate system are in the form of 
where 
(3.30) 
.1£.. is the vector of the incremental restrained AAR expansion at a concrete 
quadrature station corresponding to the incremental free expansion, .1£~ . 
.1£:_ and £\£!'. are the incremental AAR expansions in x and y directions. 
~'Y:! is the distortion due to AAR. 
4. The stress increments in concrete are calculated at each quadrature station by the 
following equations. 
where 
(i=O,l, ... ) 
i is the iteration number. 
D is the stress-strain relationship matrix for the concrete. 
L\£1 is the strain vector corresponding to ~e 1 • 
(3.31) 
~e 1 is the vector of accumulated nodal displacement of the element associated with 
the quadrature station in question .. Note that ~e0 = 0, and, therefore, L\£0 = 
0. 
~a~ is the vector of the incremental stress in concrete. Note that a~ is the stress due 
to the initial strain-£\£ ... 
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5. Update stresses and calculate the unbalanced nodal forces. 
6. Check convergence. 
• If the solution has converged: 
a) update strains and nodal displacements and 
b) start a new step from 1. 
• If the solution has not converged then start a new iteration: 
a) calculate the global nodal displacements, oo t+l, according to the unbalanced nodal 
forces; 
b) update the nodal displacements, .6.a i+l ; .6.a i+t = .6.a 1 + oo i+l; and 
c) calculate the strain due to the nodal displacements by the following equations. 
~ i+l = 8 .6-ei+l (3.32) 
where 
8 is the nodal displacement-strain transformation matrix . 
.6.e1+1 is the element nodal displacement vector associated with .6.a i+l • 
.6.a i+l is the global accumulated nodal displacement vector within the step. 
~ i+l is the strain vector at a quadrature station corresponding to .6.e1• 1• 
d) go back to 4. 
Repeat the above procedure until the specified free expansion has been reached. 
It should be noted that although the constitutive law adopted in the present program for the 
concrete is linear elastic and that for the reinforcement is elastic-perfectly plastic, other non-
linear constitutive laws for concrete and reinforcement can also be used. The method of 
incorporating the expansion model remains the same. 
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The expansion model can also be incorporated into a three dimensional finite element 
program in the same way. 
The incorporation of the expansion model into a finite element program described above 
does not include for the deterioration of concrete due to AAR. To check the influence of 
the deterioration of concrete on the expansion analysis, different Young's moduli have been 
used in a number of expansion analyses during the development of the expansion model. For 
example, a symmetrically reinforced concrete member has been calculated using the closed 
form solution assuming two values of Young's moduli for the concrete, 30 N/nun2 and 15 
N/nun2• The results are given in the following table. The calculations cover a wide range of 
free expansions and reinforcement ratios. The Young's modulus and the yield stress for the 
reinforcement used in the calculations are 200 kN/mm2 and 400 N/mm2 respectively. 
Final expansions for a symmetrically reinforced concrete member. (mm/m) 
Steel Free CXI). 1 Free~xp. 2 Free~3 Free~. 4 Free~5 Free~6 
ratio E=30 E=15 E=30 E=15 E=30 E=15 E=30 E=15 E=30 E=15 E=30 E=15 
0.5% 0.86 0.84 1.54 1.50 2.16 2.12 2.79 2.75 3.41 3.37 4.04 4.00 
1.0% 0.75 0.71 1.22 1.17 1.51 1.46 1.76 1.71 2.01 1.96 2.26 2.21 
1.5% 0.66 0.62 0.99 0.95 1.16 1.13 1.2S 1.22 1.29 1.27 1.31 1.30 
2.0% 0.59 0.55 0.83 0.79 0.93 0.91 0.97 0.96 0.99 0.98 0.99 0.99 
2.5% 0.53 0.49 0.71 0.68 0.77 0.75 0.79 0.78 0.8 0.79 0.80 0.80 
3.0% 0.48 0.440 0.61 0.59 0.65 0.64 0.66 0.66 0.67 0.66 0.67 0.67 
3.5% 0.43 0.40 0.54 0.52 0.56 0.56 0.57 0.57 0.57 0.57 0.57 0.57 
4.0% 0.40 0.36 0.48 0.46 0.50 0.49 0.50 0.50 0.50 0.50 0.5 0.5 
It can be seen that the changes in the final expansion due to the change of Young's modulus 
of the concrete are negligible. 
91 
Calculations for other type of reinforced concrete members show similar results, i.e. the 
change of Young's modulus has very little influence on the expansions. This is considered to 
be due to the fact that the change of concrete stress due to AAR expansion is generally of a 
order similar to that required to stop the expansion, cr~ in Fig. 3.5. A typical value of 0'~ is 
about 5 N/mm2. Assuming that for a member with a free expansion of 5 mm/m (5000 ~) and 
a deterioration of Young's modulus from 30 kN/nun2 to 15 kN/nun2, 5 N/nun2 will only 
cause 0.3 mm/m (300 ~) difference in the concrete strain, which is a order of magnitude 
lower than the value of the free expansion. 
Neglecting the change of Young's modulus of concrete in the expansion analysis appears to 
be an acceptable simplification for normal reinforced concrete members. It should be 
mentioned that, if a reinforced concrete member, having been affected by AAR, is to be 
analysed up to failure under external load, the inclusion of the material deterioration has to 
be included. This will be discussed in later Chapters. 
Examples of expansion analyses using the finite element program are given in the next 
sections. 
Beams tested by Cope et al 
The program has been used to analyse a beam tested by Cope and Slade Cope90. Details of the 
beam, the demec stud positions and the experimental results are given in Figs. 3.17 a 3 .17b 
and 3.18 respectively. The tri-linear S-E relationship, Eq. 3.5, was used with an estimated 
stress cr~ being 4 N/mm2• The finite element mesh used for the analysis is shown in Fig. 
3.19. 
The analytical expansions are also shown in Fig. 3.18 to be compared with the test data. 
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Fig. 3.20 shows analytical strain and stress distributions through the midspan section of the 
beam at three levels of free expansions: 1, 5 and 6 mm/m. 
Discussion 
(1 )Comparison of the measured and the analytical expansions show good agreement, Fig. 
3.18. 
(2)From the analysis, Fig. 3.21 , it can be seen that the tensile stress in the top of the 
midspan section initially increases and then reduces slightly with increasing free expansion. 
This is because the compressive stress below the reinforcement increases more rapidly than 
that above the reinforcement, Fig. 3.20. The position of the resultant of the compressive 
stress is moving towards the reinforcement as the expansion develops. Thus the moment of 
the compressive resultant force about the level of reinforcement does not always increase 
although the total compressive force increases with expansion all the time. As a result the 
stress at the top of the section reduces to maintain the equilibrium. 
(3)Test results show that the average vertical expansion is very close to the reference free 
expansion, Fig. 3.18. The effect of longitudinal reinforcement on the vertical expansion 
appears to be insignificant. Similar observation have also be made on beams tested by Abe 
et alAbe89, Section 3.3 .2. 
Normally prestressed beam 
Expansion due to AAR often appears to produce similar effects to the application of 
prestress to a beam, in that tensile cracking at the soffit is delayed and the shear strength is 
enhanced. To compare the behaviour of a beam expanded by AAR with a prestressed beam, 
the beam shown in Fig. 3.17 was reanalysed assuming that it is prestressed. The analysis for 
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the prestressed beam was carried out using a non-linear finite element program based on 
that developed by NajiNaji89• The prestressing force was taken to be equal to 90% of the 
yield force of the reinforcement. Analytical strain and stress distributions at midspan section 
of the prestressed beam are shown in Fig. 3.22. 
Discussion 
The main differences between the analytical results for the AAR expanded beam and the 
prestressed beam are: 
a) The distribution of the stress induced in concrete due to AAR is highly non-linear, Fig. 
3.20, whereas that of prestressed beam is linear, Fig. 3.22. 
b) For the AAR expanded beam, the analytical curvature at the midspan section is 
approximately 2xlO..s 1/mm when the free expansion is 5 mm/m, which is very close to that 
measured on the tested beam. Whereas the prestressed beam is unable to achieve such a 
high curvature. In this example, the curvature of the midspan section of the prestressed 
beam is approximately 2.6x10-6 1/mm, an order of magnitude lower than that of the AAR 
expanded beam at a free expansion of 5 mm/m. 
Doubly reinforced beams 
To investigate how the arrangement of reinforcement may affect the expansions and induced 
stresses, two doubly reinforced beams have been analysed using the finite element computer 
program. The dimensions of the section of the beams, the area of the bottom reinforcement 
and the material properties have been chosen to be the same as those of the beams tested by 
Cope et al. The top reinforcement ratios are 0.308% and 0.715%, that is to give 25% and 
50% area of the bottom reinforcement. The finite element mesh of the doubly reinforced 
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beams is shown in Fig. 3.23. 
The analytical strain and stress distributions through the midspan section of the beams at 
different levels of free expansion for the beams with top steel ratios of 0.308% and 0.715% 
are shown in Figs. 3.24 and 3.25 respectively. The effects of the top reinforcement on the 
deflection (hogging) at the midspan section of the beam are shown in Fig. 3.26. 
Discussion 
1) The top reinforcement has a significant influence on the hogging of the beam. In the 
examples shown in Fig. 3.26, at a reference free expansion of 5 mm/m, the hogging of the 
soffit at midspan section of the beam are 6.6 mm, 3.1 mm and 1.05 mm for beams with top 
reinforcements ratio of 0%, 0.308% and 0.715% respectively. 
2) The analysis for the beam with 0.715% top reinforcement ratio shows that, when the 
reference free expansion exceeds 3 mm/m, although the beam has deformed significantly, 
the stress distribution at the midspan section is nearly uniform, Fig. 3.25. This is a feature 
which is unique to members with stress dependent expansion. 
The analytical results are in line with the experimental observations by Fuji et a1Fuji86• In 
Fuji's tests, beams with top reinforcement ratios from 0.43% to 1.2% and bottom 
reinforcement ratios from 1.2% to 1.74% were tested. It was reported that the compressive 
stresses induced were 4 N/rrun2 for all specimens and these were scarcely affected by the 
arrangement of the reinforcement and steel ratio. 
3) Comparing Fig. 3.20 and Fig. 3.24 or Fig. 3.25, it can be seen that the distributions of 
stress in concrete for the singly reinforced beam are quite different from those of the doubly 
reinforced beams. At a given value of free expansion the compressive stress at the soffit of 
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the singly reinforced beam, Fig. 3.20, is much higher than that of doubly reinforced beams, 
Figs. 3.24 and 3.25. 
4) The analysis for the beam with top reinforcement of 0.715% shows that the stress 
distribution remains virtually unchanged after the free expansion exceeds 3 mm/m, Fig. 
3.25. It is thought that for beams with relatively heavy longitudinal reinforcements, the 
induced stress and, therefore, the expansion are mainly dependent on the minimwn stress 
that is required to stop the expansion, cr~ in Fig. 3.5. The potential expansion ability of the 
concrete has little effect as far as the longitudinal expansion and stress distribution are 
concerned. The transverse expansions in the beams, however, increase with increasing free 
expansion because there are no stirrups in the beams. 
Fig. 3.26 shows that the hogging deflection of the beam with 0.715% top reinforcement 
stops increasing when the free expansion reaches 3 mm/m. 
5) It is interesting to noted that, for a given level of free expansion, the stresses in the 
bottom reinforcement of all beams are approximately the same regardless of the top 
reinforcement ratio. 
· 3.4. CONCLUDING REMARKS 
• From the results of the analyses described in the previous sections, it can be seen that 
the general trends of the experimental observations are predicted reasonably well using 
the proposed expansion model. The examples analysed include both symmetrically and 
unsymmetrical.ly reinforced elements, and thus show that the expansion model can be 
applied to a range of problems. 
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• Generally a tri-linear S-E relation has been used in the analyses. From the available data, 
it is observed that the S-E relation may be approximated by a tri-linear relation for 
concrete which undergoes expansions of up to 5 mm/m. The investigation has shown 
that this type of S-E relationship will predict the general response. 
• The analyses of singly and doubly reinforced beams have shown that the arrangement of 
reinforcement could significantly affect the distribution of stress in the concrete. 
• In the present analysis, the assumption that the member would expand 'unifonnly' when 
there is no restraint has imposed upon the member. This assumption is considered to be 
necessary for the initial development of a nwnerical model for AAR affected concrete 
members. In many laboratory tested members and some real affected structures in 
practice the assumption is satisfied. In general, however, the model can be applied to 
non-unifonnly expanded members by applying the variable free expansions to different 
parts of the member. 
• Normally, the change of Young's modulus of the concrete has very limited influence on 
the expansion analysis of affected members. This is due to the fact that the change of 
stress related strain in the concrete due to AAR expansion is relatively small. The error 
in the concrete strain calculated due to the use of inaccurate Young's modulus is usually 
an order of magnitude lower than the expansive strain. However, to assess the load 
capacity and the deformation behaviour under subsequently increasing load for a 
member already affected by AAR, the deterioration of the concrete properties may have 
to be included. In order to do this, the stress-strain responses of the affected concrete 
are also required. 
• The instantaneous stress expansion relationship needs to be experimentally investigated, 
in order to verify or refine the proposed expansion model, which is based on an 
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assumption that the relationship is not changing throughout the process of AAR 
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Flg.3.19 Finite element mesh for the beams 
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c) Free expansion 6 mm/m 
Flg.3.20 Analytical stress strain distributions 
through the midspan section of the beams 
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Chapter 4 Experimental Work and Material Models 
4.1 GENERAL DESCRIPTION OF THE TESTS 
4.1.1 The objectives 
From research on the AAR expansion model described in Chapter 3 and the literature 
review, it has been found that in order to verify the proposed model and to develop a 
numerical approach for the structural analysis of the affected reinforced concrete members, 
further information on a number of areas of AAR affected concrete is required. 
a) The AAR expansion model is based on the assumption that the instantaneous stress-
expansion relationship remains unchanged during the expansion process and, therefore, 
resembles the constant stress-total expansion relationship. However, there are not enough 
relevant data available for the concrete investigated to justify this assumption. The provision 
of such information was therefore given a high priority. 
b) The mechanical properties of AAR are known to be affected by AAR expansion. 
However all the available data are about the deterioration of the strength and initial elastic 
modulus of the affected concrete. There are no data for the stress-strain relationship of the 
affected concrete. 1be stress-strain law is essential for structural analysis. 
c) The expansion behaviour under tensile stress was considered to be an area that required 
careful investigation. Information was required for both the development of the expansion 
model and the constitutive model for the affected concrete. No experimental work 
investigating the influence of tensile stress on the expansion has been found in the literature. 
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d) Information on the size effect on expansion and volumetric expansion were considered to 
be useful for the further development of the expansion model. 
Based on the above considerations it was decided that experimental investigations be 
carried out to provide the data required. 
4.1.2 Outline of the tests 
The following tests have been included in the experimental investigations. 
a) fu\pansion tests on cylinders under constant compressive and tensile stress. These tests 
were designed to provide data for the constant stress-total expansion curve for the 
SER.C/BRE bridge concrete. The use of constant stress in the expansion tests enables the 
instantaneous stress-expansion relationship to be examined throughout the whole period of 
the expansion. By comparing the predictions, using the expansion model and the stress-
expansion relationship obtained from the tests, with the measured expansions on reinforced 
cylinders, which have also been included in the experimental progrru{fue expansion model 
can be verified 
b) Free qpansion tests on two sizes of cylinders. The bigger cylinders were 150 nnn dia. x 
300 nnn and the smaller ones were 100 nnn dia. x 200 mm. These tests were designed to 
provide data for longitudinal free expansion and to check possible size effect on expansion. 
Lateral expansions on the top and bottom surfaces of the 150 x 300 mm cylinders were also 
monitored to obtain information on the volumetric expansion behaviour. 
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c) &pansion tests and load teSts on reinforced cylinders. The expansion tests were designed 
to provide data on restrained expansion, which were compared with the nwnerical 
predictions using the stress-expansion relationship obtained from the expansions of 
cylinders under constant stresses. 
At the end of the expansion tests, all reinforced cylinders were tested under monotonic 
compressive load to failure. These tests were designed to provide information on i) 
compressive strength, ii) Young's modulus and iii) uniaxia1 stress-strain curve of the 
affected concrete. Since the expansion of the cylinders varied due to the different 
reinforcement ratios, the relationship between the level of expansion and the above 
mentioned properties were also provided for concrete having the same maturity. 
d) Cube strenilb tests. cylinder splittin& stren&W on both reactive and non-reactive 
concrete. These tests were carried out before and after the expansion tests to provide 
general information on the changes of the strengths. The reactive and the non-reactive 
concrete only differed in that the reactive concrete had added alkali in it to boost the 
expansion. 
1be experimental progranune and the methods of testing are first described. The test results 
are then presented. The data from the expansion tests are used to examine the proposed 
expansion model described in Chapter 3 and the results are discussed. Finally the proposed 
constitutive models for AAR affected concrete are described. 
108 
4.2 TEST PROGRAM, SPECIMENS AND EQUIPMENT 
4.2.1 Concrete mix 
The reactive concrete adopted in the present investigation was the SERC/BRE bridge mix. 
'Ibis is the same as that used in tests at the University of PlymouthCopc90 , British Cement 
Associationawta89• 91 a. 91b (BCA), Building Research Establishmen~ixo85• 0 •Y89 (BRE), The 
University of BinninghamNg9t and British Rai1801192• The results of the present study may, 
therefore, be used to analyse members in the above tests. The mix proportions of the 
concrete are given in Table 4.1. 
T bl 41 Mix a e . f proportions o concrete 
Cement 400kg/m3 
Thames V alley Sand 544kg/m3 
5-10 mm Limestone 556kglm3 
10-20 mm Limestone 740kg/m3 
Water 192 kg/m3 (w/c = 0.48) 
Sodium Sulphate (added alkali)* 2.83 kg/m3 
Potassium Sulphate ( " )• 6.35 kg/m3 
• The equivalent sodium oxide content was 7 kg/m3• 'Ibis was achieved by adding 
sodium and potassium sulphate which are in the same proportions as those 
present in the cement used. 
· 4.2.2 Test program and specimens 
Specimens were cast at the BCA. Before being put into the conditioning tank they were 
kept wet at room temperature (about 20 °C). Specimens were put into a conditioning tank 
at 28 to 35 days after casting. The conditioning tank was filled with water at a constant 
temperature of 38 oc. The water was circulated throughout the experimental period using a 
pump and the temperature was maintained by a thermostat and an electric heater. The 
system proved to be reliable and effective. The measured temperatures were in the range of 
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The specimens were tested in two series. The first series of tests were started on 18 
December 1990 (specimens were cast on 20 Nov. 1990) and the tests continued for 233 
days. The second series of tests were started on 4 September 1991 (specimens were cast on 
31 July 1991) and the tests continued for 181 days. Details of the specimens are given in 
Tables 4 .2 and 4 .3. 
In the first series of tests, both control and reactive specimens were tested. The difference 
between the control mix and the reactive mix was that the control mix had no added alkali. 
Since the control specimens did not expand they are not listed in Table 4 .2. Some of the 
control specimens were load tested and the results are given in Table 4 .6. 
In the first series of tests, all the specimens were plain concrete. Measurements taken were: 
cube and splitting strengths~ stress-strain curves of reactive and non-reactive concrete 
before expansion and after expansion ceased; longitudinal expansions of 100 mm diameter 
cylindrical specimens under constant applied stresses 1.5, 1.0, 0.5, 0 , -0.5, -1.5 and -2.5 
N/mm2~ longitudinal expansions and lateral expansions on top and bottom surfaces of 150 
mm diameter by 300 mm cylinders. 
The second series of tests included some reinforced concrete cylinders. Measurements taken 
included: longitudinal expansions of 100 mm diameter cylindrical-type specimens under 
constant applied stresses 0.5, -2.0, -4.0 and -6.0 N/nun2~ longitudinal expansions of 150 nm 
diameter by 300 mm cylinders~ and longitudinal expansions of 150 nun diameter by 300 nm 
reinforced concrete cylinders with steel ratios 0.213%, 0.48%, 1.92% and 3.41 %. At the 
end of the second series of tests, the 150 mm by 300 nun cylinders were tested under 
monotonic longitudinal compressive load to failure. The uniaxia1 load and strains were 
recorded. 
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Details of reinforced cylinders 
The details of the reinforced concrete cylinders are shown in Fig. 4.1. Three rings were 
provided at each end of the cylinder and tied with the longitudinal bars. 1bis arrangement of 
the reinforcement was to reduced the differential strains between the longitudinal 
reinforcement and the surface concrete and, at the same time, keep the lateral restraint to 
the centre body of the cylinder as small as possible. The reinforcement in specimens with a 
steel ratio of 0.213% was cold-drawn steel wire; that in specimens with a steel ratio of 
0.48% was mild steel round bar and that in the specimens with steel ratios 1.92% and 
3.41% was high yield steel deformed bar. The propenies of the reinforcing bars are given in 
Table 4.2. 
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T bl 4 2 S d . th firs a e . >pecunens teste m e t senes 
STRESS AVERAGE 
NAME SIZE APP~ FINAL COMMENTS (mm) (N/mm EXPANSION 
(J.L) 
SAF1 100*200 FREE 5700 
SAF2 11 11 4580 
SAF3 11 11 5100 
BAF1 150*300 5790 Lateral expansion on top and 




" 7910TOP " 
3350BOT 
BAF3 5420 
" " 6562TOP 11 
46~ 
AT1 DOG 0.5 9883 The only specimen to last till the 
BONE end of the test. 
AT2 1.0 5310 broken between 27-34 days in 
11 
wann tank. Continued monitoring 
of subsequent free expansion. 
AT3 1.5 5120 Broken between 23-27 days in 
11 wann tank 
AC1 100*200 -0.5 3750 
AC2 11 -1.5 2390 
AC3 11 -2.5 1640 
NOTE: Control specimens were also tested in series I. Because they did not expand, they 
are not listed above. 
KEY TO SPECIMEN NAMES: A - Alkali-Aggregate reactive, F -free expansion, S -
small, B - big, T - tension, C - compression. 
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T bl 4 3 S a e . ;pecunens teste d . th d m e secon senes 
STRESS AVERAGE 
NAME SIZE APP~~ FINAL COMMENTS (N/mm EXPANSION 
BAF4 150*300 free 7930 
BAF5 " free 7183 
BAF6 " free 7251 
Tl Dog-bone 0.5 2426 test stopped at 91 days 
T2 " 0.5 1092 broken on 63rd day 
Cl 100*200 -2.0 2028 stress released on !24th 
day due to broken 
spring 
C2 " -2.0 1856 " 
C3 " -2.0 1560 " 
C4 " -4.0 107 
C5 " -4.0 143 
C6 " -4.0 189 
C7 " -6.0 75 
CS " -6.0 -75 
C9 " -6.0 59 
RC SIZE STEEL FINAL COMMENTS 
CYLINDERS RATIO(%) EXPANSION 
MS41 150*300 0.213 4674 
MS42 " " 5278 
MS61 " 0.48 4862 
MS62 " " 3419 
HY121 " 1.92 1674 
HY122 " " 1667 
HY161 " 3.41 858 
HY162 " " 1297 
KEY TO SPECIMEN NAMES: MS - mild steel, HY - high yield. For others see KEY 
TO SPECIMEN NAMES in Table 4.2. 
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4.2.3 Loading method for expansion tests 
Basic requirements for the loading method 
The method for the expansion test under sustained constant stress was required to meet the 
following criteria. 
a) The load should be axial. 
b) The load should be constant. 
c) The method should be reliable, as the tests lasted more than six months. 
d) The method should be suitable for an aggressive environment of warm water with 
a high alkali content. 
The above requirements were relatively easy to meet for the tests under compressive stress. 
However, the tests under tensile stress needed special attention. 
Tension specimen 
Among the techniques devised for applying tensile stress to concrete, the method developed 
by Elvery et alelve6S at University College, London was considered to be suitable. Specially 
shaped specimen and end attaclunents were used. The centre of a specimen was cylindrical 
and the two ends were tapered outwards, Fig. 4.2, fonn.ing a 'dog-bone' like shape. Tensile 
stress was applied to the specimen through a pair of end attaclunents, or end caps, Fig. 4.3. 
The cap consists of two parts: a ring with internal taper and a plate with a circular central 
recess to accommodate the end of the specimen so that it could be concentrically located. 
The two parts were fastened together by three bolts. The specimen and the end cap were 
joined together by filling in the annular gap between them with grout. A cross section of the 
finally assembled tensile specimen is shown in Fig. 4.4. 
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The mould for the dog-bone specimen were made out of 100 millimetre inside diameter 
polyvinyl chloride (p.v.c .) rainwater pipe. The moulds were manufactured on a lathe by 
heating the ends of the pipe, using a hair dryer, while pushing tapered internal moulds into 
the pipe to form the desired shape. Afterwards, the pipe was naturally cooled and then cut 
to the correct length. 
Specimens were cast at BCA and the moulds removed by cutting. 
The loading rigs 
Springs were considered to be the best loading method to satisfy the requirements described 
above. Details of the loading rigs used for compression and tension tests are shown in Fig. 
4 .5 and Fig. 4.6 respectively. 
In the tension tests, two tensile specimens were connected with a threaded rod and put into 
one rig. The two specimens were hung between two steel plates, Fig. 4 .6. The upper plate 
of the rig was supported by three springs, the lengths of which were monitored throughout 
the test to provide a constant stress to the specimens. If one specimen failed during the test, 
the upper plate was lowered and the tensile stress was reapplied to the remaining specimen 
allowing the test to continue. The broken specimen was taken out of the rig and placed in 
the curing tank in order that its expansion behaviour, after the release of the tensile stress, 
could be observed. 
The method used for applying the compressive stress is shown in Fig. 4.5 . 
In order to achieve an easy controlled, accurate and constant applied stress, the springs 
were chosen to be as flexible as possible. For the tensile test rigs and compressive test rigs 
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with compressive stresses less than 2.5 N/mm2, wire springs were used. For the 4 and 6 
N/rrun2 compressive specimens wire-type springs were not strong enough to provide the 
required force within their normal working length and therefore disk-type springs were 
employed 
Before the rigs were assembled, the springs were calibrated and the length of each spring, to 
provide the required load, was determined. During the tests, the lengths of springs were 
monitored at one-week to two-week intervals using callipers. The difference between the 
measured and the required lengths of a spring was controlled to be within one millimetre. In 
order to access the accuracy of the applied stress, the variations of load, as a percentage of 
the applied stress for each spring, when the difference between the actual length and the 
required length is 1 millimetre were detennined. Values are given in Table 4.4. 
Table 4.4 Variations of the applied stress for one millimetre error in spring 
length 
STRESS RATE OF FORCE IN VARIATION OF 
APPLIED SPRING CODE SPRING SPRING LOADINlmm 
(N/mm1 (N/mm) {N) SPRING 
LENGTH(%) 
0.5 LHL-1500A-9 23 1309 1.76 
1.0 LHL-2000B-8 83 2618 3.15 
1.5 LHL-2000B-8 83 3927 2.11 
2.0 LHL-20000-7 180 5236 3.44 
2.5 LHL-20000-7 180 6545 2.75 
4.0 105mm0ISC 760 31416 2.42 
6.0 106mmOISC 1469 47124 3.12 
From the values in Table 4.4, it can be estimated that the maximwn error in the applied 
constant stresses is about 3.5 %. Therefore, if, for example, the nominal applied stress was 
2 N/mm2 the actual stress was within the range 1.93 to 2.07 N/rrun2• This was considered to 
be of sufficient accuracy for the tests. 
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4.2.4 Expansion measurement 
The expansions were measured by a manual demec gauge over a fixed length of 100 
millimetres. The stud arrangements for the dog-bone, the 100 mm by 200 mm cylinders and 
the 150 mm by 300 mm cylinders are shown in Figs. 4.2, 4.7 and 4.8 respectively. 
The cylinder supports shown in Fig. 4.8, which are small cylindrical steel blocks glued on 
the top and bottom surfaces, were to protect the studs on the top and bottom surfaces. 
4.3 RESULTS OF EXPANSION TESTS 
4.3.1 Free expansion 
The data for the free expansion measurements can be divided into three groups: a) 
longitudinal expansion of 150 mm by 300 mm cylinders; b) longitudinal expansion of 100 
mm by 200 mm cylinders; and c) lateral expansions on the top and bottom surfaces of 150 
nun by 300 nun cylinders. 
Longitudinal expansion of ISO mm diameter cylinders 
Figs. 4.9 and 4.10 show the individual longitudinal free expansion measurements on 150 
mm diameter by 300 mm cylinders for series one tests and series two tests respectively. By 
individual measurement is meant every single reading taken from the specimens. Each 
specimen has six individual readings at different positions. The average expansion of a 
specimen is the average value of the individual expansions. Figs. 4.9 and 4.10 show 
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considerable scatter. It was observed that the low expansion readings generally occurred 
when there was no major crack within the gauge length while the high expansions occurred 
when there were major cracks within the gauge length. When average expansion curves for 
each specimen are plotted the scatter is reduced significantly, Fig. 4.11. 
The expansion rates were different for the concrete used in the two series of tests: 
expansions for the concrete used in the first series of tests started earlier and the subsequent 
expansion rates were slower. The final average free expansion for concrete used in the first 
series of tests was about 6.5 mm/m and that used in the second series of tests was 7 mm/m. 
The difference in the final average expansions of the two series of tests is considered 
insignificant in view of the scatter in the expansions. 
Although the concrete mixes for the two series of tests are nominally the same there may 
have been some changes in the materials that caused the differences in the expansion 
patterns as the specimens for the second series of tests were cast 8 months later than those 
for the first series of tests. 
Longitudinal expansions of 100 mm diameter cylinders 
Two different sizes of specimens were used in the tests: 100 nnn diameter specimens, both 
cylinders and dog-bones, for the expansion tests under constant stresses and 150 nm 
diameter plain and reinforced cylinders. To check whether there are any differences between 
the two different sized cylinders, free expansions tests on both the small and the big 
cylinders were conducted. 
Fig. 4.12 shows the longitudinal free expansion measurements on the 100 nnn diameter 
specimens in the first series of tests and Fig. 4.9 shows the longitudinal free expansions on 
the 150 nnn diameter cylinders in the same series of tests. The average free expansions of 
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the two sizes of specimens are shown in Fig. 4.13. 
The free expansions of the two sizes of cylinders showed some differences which seem to 
be due to the size effect. From Fig. 4.13, it can be seen that the rate of expansion of smaller 
cylinders was higher than that of bigger cylinders during the first period of expansion. After 
140 days the smaller cylinders stopped expanding completely while the bigger cylinders 
continued to expand at a very slow rate. The average final expansion of the bigger cylinders 
was 6.53 mm/m which was higher than the 5.13 mm/m recorded for the smaller cylinders. It 
is considered that the main reason for the above phenomena was due to the fact that a 
relatively smaller proportion of AAR gel was leached out of the bigger cylinders and that it 
takes longer for the inside of bigger cylinders to get the same level of free water than the 
smaller cylinders. 
Lateral free expansion of 150 mm diameter cylinders 
The demec studs arrangement for measuring lateral expansions is shown in Fig. 4.8. 
It was found that the top expansions were much higher than those at the bottom. This is 
shown in Fig. 4.14, 4.15 and 4.16. 1be difference between the top and bottom expansions is 
considered to be due to the fact that, with the mix used, AAR is between the alkali and the 
sand and that the relative proportion of sand in the specimen would be higher near the top 
of the specimen, due to the subsidence of the coarse aggregates during compaction and the 
hardening period, and, therefore, relatively more gel is available near the top, and this 
causes higher expansion. 
Figs. 4.14-16 show the 'average' lateral expansions which are the means of the top and 
bottom expansions. These 'average' lateral expansion curves are similar to the average 
longitudinal expansions, Fig. 4.17. It is not clear how the lateral expansions vary over a 
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cylinder length and the average of the top and bottom expansions may not be the same as 
the average expansion over the whole length of a cylinder. Nevertheless, since the value of 
average longitudinal expansion is inbetween the top and bottom lateral expansions, the 
average lateral expansion and the longitudinal expansion are similar. 
4.3.2 Expansions under constant stresses 
Under compressive stresses 
Figs. 4.18 a, b, c show the expansions of 100 nun diameter cylinders under constant 
compressive stresses of 0.5, 1.5 and 2.5 N/mm2 respectively. The scatter of the individual 
measurements is reduced as the compressive stress increases. The maximum average 
expansion of specimens under 4 N/mm2 was 0.189 tmn/m and the average expansions for 
cylinders under 6 N/nun2 were virtually zero. 
Under tensile stresses 
Most of the 100 nun diameter dog-bone specimens under constant tensile loading failed 
before noticeable AAR expansions were observed. In the series one tests, the specimen 
under 1.5 N/mm2 tensile stress failed after between 23 and 27 days in the conditioning tank, 
and the specimen under 1.0 N/mm2 failed at between 27 and 34 days in the tank, Figs. 4.19 
and 4.20. The times of the failure of the specimens were before or just about the time when 
the AAR expansion started (the expansions of all specimens in series one tests started at 
about 34 days in the conditioning tank regardless of the value of the applied stresses, the 
sizes of the specimens and whether the expansion was lateral or longitudinal, Figs. 4.9, 
4.12-18, 4.19-20 and 4.21). Since the failure of the two specimens occurred outside the 
measurement area, the broken specimens were left in the tank and monitored for post-
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failure free expansion. The pre- and post-failure expansion curves of the two specimens are 
shown in Figs. 4.19 and 4.20. 
lbree specimens were tested under a constant tensile stress 0.5 N/mm2• Two of the 
specimens failed and one specimen was able to sustain the tensile load to the end of the test, 
with much higher fmal expansion than that of an unloaded specimen. The expansion curve is 
shown in Fig. 4.21. 
It was noticed that the failure of most of the tensile specimens occurred near the upper 
neck. It appears that there was a weak cross section near the upper neck of the dog-bone 
specimens. The weak surface was probably formed during the hardening process of the 
concrete, in which the concrete tends to shrink while the tapered mould prevents the 
specimen from shrinking freely. Because of the possible existence of a weak cross-section 
and the scatter in the few test results, these data are not used in the later data processing to 
obtain an equation for the stress-expansion relationship. 
It is not known to what extent the weak surface affected the tensile strengths of the 
specimens, but the fact that the time of the failure just before the start of the expansion does 
suggest that the alkali aggregate reaction itself can cause tensile strength reduction before 
noticeable expansion occurs, probably by weakening the bond between cement paste and 
aggregates. The early loss of tensile capacity is significant and confirms findings by Oayton 
et a1Ciay90. 
The method of making tensile specimens needs further improvement. This may include 
reducing the gradient of the taper of the dog-bone specimens and redesigning the mould so 
that the fresh specimens can shrink freely. 
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4.3.3 Expansion of reinforced cylinders 
The details of the reinforcement arrangement of the cylinders are given in Fig. 4.1. The 
properties of the reinforcements are given in Table 4.5. 
T bl 4 5 P a e . roperties o f lb d' inf d linde stee ars use m re orce concrete cyJ rs 
SPECIMEN NAME STEEL TYPE YOUNG'S YIELD STRESS 
MODULUS 
MS41 &MS42 4 nun cold-drawn 2.04x105 N/nun2 470N/mm2 
round bar 
MS61 & MS62 6 nun mild steel 2.00x105 N/nun2 320N/mm2 
round bar 
HY121 & HY122 12 mm high yield 1.96x105 N/mm2 not available 
deformed bar 
HY161 & HY162 16 mm high yield 2.06x105 N/mm2 not available 
deformed bar 
The average expansion curves of each group of specimens having the same steel ratio are 
plotted in Fig. 4.22, in which the average free expansion curve of the plain cylinders of the 
same size is also shown. 
The test results for the reinforced cylinders have been compared with the calculated 
expansions using the numerical expansion model with the stress-expansion relationship 
obtained from the expansions of 100 mm diameter cylinders under constant stresses. Further 
discussion is given in a later section. 
4.4 CUBE STRENGTH AND CYLINDER SPLITTING STRENGTH 
100 mm cube strength and 150 mm dia. x 300 mm cylinder splitting strength of both 
reactive and non-reactive concrete have been determined in the first series of tests before 
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and after the expansion tests. The results are given in Table 4.6. The load deflection curves 
of 150 mm dia. x 300 mm plain cylinders have also been determined. These results will be 
discussed together with the load deflection results for the reinforced cylinders in Section 
4.7. 
Table 4.6 Average cube and splitting strengths series one tests 
Cube Strength (N/mm2) Splitting Stren ~ (N/mm2) 
28da_y 240day 240day/28day 28day 240day 240day/28day 
A 54.7(3) 61.8(3) 113% 4.64(1) 2.61(2) 56% 
N 56.5(3) 72.1(3) 127.6% 5.57(1) 5.23(2) 94% 
A/N 97% 86% 83% 50% 
Note: 
l.A = Reactive concrete. N = non-reactive concrete. 
2. The figures in the brackets are the number of specimens tested. 
3. The nominal 28-day strengths are tested at 29-day and 30-day after casting for 
specimens with and without AAR respectively. 
4. At 240 days the average longitudinal expansion of the cylinders was about 6.5 mm/m. 
The strength deterioration in these tests is similar to that found by Oayton et a1°•Y90. 
Compared to the 28-day strengths, the cube strength at 240 days of the expanded concrete 
increased by 13 % whereas the splitting strength reduced by 44%. Compared to the 
strengths of non-reactive specimen at 240 days, the reduction of cube strength was 14 %, 
and that of the splitting strength was 50%. 
Comparing the 28-day strengths of reactive and non-reactive concrete, it appears that the 
added alkalis have reduced the concrete strength. Cube strength reduced slightly but the 
reduction of splitting strength due to the added alkalis was 17 %. It should be noted, 
however that the splitting strength at 28 days was obtained from one cylinder. 
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4.5 STRESS-EXPANSION RELATIONSHIP 
The data from the expansion tests on 100 mm diameter cylinders under constant stresses 
were utilised to determine a stress-expansion relationship to be used in numerical expansion 
analyses. Both polynomial and exponential formulae have been used to represent the 
relationship. 
The polynomial type formulae are obtained by regression using the least squares principle. 
The kth order equation is written as 
(4.1) 
where £81 is the expansion and cr is the applied stress. 
According to the principle of least squares, the k+ 1 parameters, Clt (1=0, ... k), can be 
obtained by solving the following k+ 1 simultaneous linear equations, 
(4.2) 
Where £ is the ith test result of expansion; cri is corresponding stress; n is the number of 
test results and k is the order of the polynomial equation. 
The stress-expansion relationship can then be written as 
(4.3) 
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where £~ is the free expansion; ~i= aJao and Eu is the expansion under stress cr. 
Ignoring the effect of tensile stress on expansion, the stress-expansion relationship with the 
second order equation for the SERC/BRE bridge concrete obtained from the tests is 
{
Et 
e~ = ~~(1+0.38o+0.0353o') 
The relationship with a third order equation is 
(0 < cr) 
( -4.58 < cr < 0) 
(cr < -4.58) 
{
£' 
e.= ~~(! +0.39!o+0.0412o' +0.0006a') (0 < cr) (-4.8 < cr < 0) 
(cr < -4.8) 
The tri-linear stress-expansion relationship is 
The units of cr in Eqs. 4.4 to 4.6 is N/mm2• 
(0 < cr) 
( -4.0 < cr < 0) 




Eqs 4.4 to 4 .6 are shown in Fig. 4.23. The second and third order curves are identical and 
follow the test results well. The linear curve is also reasonably close to the test data. 
The exponential type of formula is in the form of 
(4.7) 
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where £~ is free expansion, CJ is the applied stress and Eex is the restrained expansion under 
stress cr. f(cr) is a function of stress which is obtained by fitting it with the test data in 
ln[Eex (cr) I£~] scale, where E~ is the experimental free expansion and Eex (CJ) is the 
experimental expansion under a given stress cri. The equation found suitable for the 
SERC/BRE bridge concrete is 
(o ~ CJ) 
(CJ < 0) 
(4.8) 
Eq. 4.8 is also shown in Fig. 4.23. There is not much difference between the parabolic curve 
and the exponential curve but the exponential equation is more convenient for the computer 
program. 
4.6 VERIFICATION OF THE NUMERICAL EXPANSION MODEL 
4.6.1 The instantaneous stress-expansion relationship 
The proposed expansion model has been described in detail in Chapter 3. The model uses 
the free expansion as the basic variable for the AAR expansion process. It has also 
emphasised that since the stress and the expansion are interactive and the expansion is 
sensitively influenced by the stress, it is necessary for the numerical approach to take into 
account the whole expansion history. In such an approach, to obtain a realistic expansion 
assessment, the correctness of the instantaneous stress-expansion relationship is important. 
In the proposed model, the incremental restrained expansion and the incremental free 




de~ is the incremental free expansion. 
crc is the stress in concrete. Generally, crc is a function of E~ . 
E~ is the free expansion, which is the basic variable of the expansion. 
dea. is the incremental restrained expansion. 
F(x} is the instantaneous stress-expansion relationship, which is a function of the 
stress in the concrete. 
One assumption made for the model is that the instantaneous stress-strain relationship, F(x), 
remains unchanged throughout the expansion process. Based on this assumption, the 
constant stress-total expansion relationship is the same function, F(x). Therefore, the test 
results from the constant stress expansion tests can be directly applied for the expansion 
analysis. 
4.6.2 Expansion under constant stresses 
From Eq. 4.9, for any given intermediate free expansion, E:, the restrained expansion under 
constant stress cr c will be 
E: = tJ flcrc)d£~ = F(crJE: (4.10) 
0 
Eq. 4.10 has been used to check the validity of the use of the unchanged stress-total 
expansion relationship for the entire period of AAR expansion. This is done by using a 
number of intennediate values of free expansion to calculated the restrained expansion 
under a constant stress according to Eq. 4 .10 and to compare the calculated expansions 
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with the measured expansion on the specimens subjected to the same constant stress. The 
results of the comparison are shown in Fig. 4.24. In these calculation, F(x) is chosen 
according to Eq. 4.8, i.e. 
F( cr c) = e (O.JS-o.ta, )<7, (4.11) 
In the data shown in Fig. 4.24, the expansions were measured on 100 mm diameter 
cylinders subjected to constant compressive stresses of -0.5, -1.5, -2.5, -4 and -6 N/nun2. 
The values of the intermediate free expansions were taken to be the average free expansions 
of the same sized cylinders at 48, 62, 90 and 132 days. 
Fig. 4.24 shows that the use of constant stress-total expansion relationship during the entire 
expansion process is a reasonably accurate simplification. 
The numerical and the experimental expansion-time results for the 100 mm diameter 
cylinders are shown in Fig. 4.25. The expansions were calculated using stress-expansion 
relationship, Eq. 4.11, and the values of the free expansion were taken to be the average 
free expansion for the same sized cylinders. The time is converted from the free expansion 
using the experimental time-average free expansion curve, Fig. 4.25. 
In order to eliminate the influence of the scatter of the test results and to compare the shape 
of the numerical and the experimental curves, the numerical curves in Fig. 4.25 were scaled 
such that the final expansion in the numerical curve was equal to the final expansion from 
the tests, Fig. 4.26. Fig. 4.26 shows that the experimental expansions slightly lag behind the 
numerical values when the restraint to the specimen is high. The difference between the 
experimental expansion and the numerical expansion is probably due to the fact that it is 
more difficult for the free water to permeate into a less expanded specimen and therefore it 
will take longer for such a specimen to reach its expansion potential than a specimen with 
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higher expansion. In the numerical calculation. the free expansion of unrestrained cylinders 
was taken as the reference expansion for all specimens without taking into account the 
difference in the availability of the free water for different specimens. If some measured of 
the availability of access to the free water is included in the model. the free expansion would 
not be the same for all specimens and the difference between the numerical and 
experimental curves could be reduced. Nevertheless the differences between the nwnerical 
curve and the experimental curves are insignificant and the method used is considered to be 
reasonably accurate. 
4.6.3 Expansion under induced stresses 
The data from the eight 150 mm by 300 mm reinforced cylinders in the second series of 
tests have also been used to assess the proposed AAR expansion model. 
The final expansions predicted by the numerical method and the test results for the cylinders 
are compared in Fig. 4.27. Both tri-linear. Eq. 4.6. and parabolic. Eq. 4.4 stress-expansion 
relationships have been used in the numerical calculation. Both relationships are able to 
follow the general trend of experimental results. Fig. 4.27. The tri-linear relationship. 
however, slightly overestimates the expansion for specimens with low steel ratios. 
It can be observed from Fig. 4.27 that the experimental final expansions of the specimens 
with higher steel ratios of 1.92% and 3.41% are higher than theoretical values. One reason 
for the difference may be that there was a difference between the elongation of steel bars 
and the surface expansion of the specimen. The average expansion. which was measured on 
the surface. of specimens with a steel ratio of 1.92% was 1.67 mm/m and that of specimens 
with a steel ratio of 3.41% was 1.08 mm/m. Assuming that the elongation of steel bars is 
the same as the surface expansion the final induced stress on the concrete would be 6.4 and 
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7.4 N/rmn2 for specimens with a steel ratio of 1.92% and 3.41% respectively. In the tests of 
expansion under constant stresses, 4 N/rmn2 compressive stress nearly stopped the 
expansion and the induced stress is unlikely to exceed that value significantly. 
It was considered that the elongation of the bars of heavily reinforced cylinders in the tests 
are unlikely to be the same as the surface expansion of the cylinders. The difference may 
partly due to the difference between surface expansion and internal expansion of the 
cylinder and partly due to the slip between the reinforcement and the concrete. 
If it is assumed that the induced stress in the concrete is 4 N/rmn2 then the elongation of the 
steel bar would be 1.04 mm/m and 0.59 mm/m for steel ratios of 1.92% and 3.41% 
respectively, which are the same as the values obtained in the expansion analyses. 
As described in Chapter 2, Chana0lana9lb has compared the expansions on the surface of 
bond specimens with the expansions of reinforcement inside the specimens and found that 
the surface expansion can be significantly higher than that of the reinforcement. An example 
is given in Fig. 2. 9 which shows that the difference for top cast reinforcement is about 1 
nun/m and that for bottom cast is about 0.5 mm/m. 
The numerical time-expansion curves for the reinforced cylinders are compared with the test 
results in Fig. 4.28. The numerical curves were calculated using the average free expansion 
of the same sized plain concrete specimens in the same series of tests for all reinforced 
cylinders. The free expansion is related to time through the time-free expansion curve. The 
stress-expansion relationship Eq. 4.11 was used in the calculation. It can be observed that 
the numerical and the experimental curves are close although the experimental expansion 
curves generally lag behind the numerical values. 
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4.7 UNIAXIAL COMPRESSIVE STRESS-STRAIN RELATIONSHIP 
4. 7.1 General description 
AAR generates a large number of well distributed micro cracks inside the concrete, causing 
disintegration and reducing the strength and elastic modulus. The AAR affected concrete 
can be considered to be analogous, to some extent, to concrete cracked by orthogonal 
compressive stress. 
Plasticity based constitutive models have been used successfully in analysing cracked 
concrete, rock and soil. The feasibility of such a model for AAR affected concrete is 
investigated. In this section, a model, based on the limited test results, for the uniaxial 
stress-strain relationship of the affected concrete is described. The relationship will be 
employed as an equivalent stress-effective strain relationship in a plasticity-based 
constitutive model for AAR affected concrete in the finite element program which is 
described in Chapter 5. 
Since cracking is the dominant factor determining the mechanical properties of AAR 
affected concrete and since cracking is directly related to the level of AAR expansion, it is 
assumed in the following formulations that the change of mechanical properties of the 
concrete in compression is a function of expansion. 
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4.7.2 Test results and basic formulae 
Experimental stress-strain curves 
The eight reinforced concrete cylinders and the three plain cylinders in the second series of 
tests were loaded under monotonic compressive load to failure, at the end of the expansion 
tests. The strains in the cylinders were measured by a Lamb's optical extensometer. Fig. 
4.29 shows the stress-strain curves for the concrete in these cylinders. The curves were 
obtained by subtracting the load carried by the reinforcement. The 12 mm and 16 nm 
diameter bars in cylinders with steel ratios of 1.92% and 3.41% were within the elastic 
range while the 4 mm and 6 mm diameter bars yielded during the expansion tests. The 
elongation-yielding-unloading histories of the 4 mm and 6 mm bars have been simulated on 
a testing machine and the curves are shown in Figs. 4 .30 and 4 .31 respectively. 
The curves shown in Fig. 4.29 all have an initial stress which is induced by AAR expansion 
and reinforcement restraint. In order to obtain the entire stress strain curves, the portions of 
the curves between zero stress and the induced stress are approximated by a straight line 
with a gradient equal to the initial gradient of the curve with initial stress. These entire 
stress-strain curves and the stress-strain curves for the plain cylinders are plotted in Fig. 
4.32. Since there are some doubts about the strain measurements of the reinforced cylinders 
with a steel ratio 3.41 %, these curves have not been included in the figure. 
Compressive strength 
The concrete strengths of the cylinders are plotted against the longitudinal expansion values 
in Fig. 4.33, which shows that the strength and expansion relationship can be represented by 
a straight line, 
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(4.12) 
here ( is the uniaxial compressive strength of AAR affected concrete; £0 is AAR 
expansion, ( is the compressive strength of the concrete strength without AAR and A is 
parameters depending on the concrete. f~ and A obtained from the present tests are 41 
N/mm2 and 1300 N/mm2 respectively. 
Peak strains 
The strains corresponding to the peak stress were not accurately measured in the tests due 
to the limitations of the test method used. The estimated peak strains are plotted in Fig. 
4.34. It is clear that the peak strain increases with increasing level of expansion but the ratio 
of the peak strain increment to AAR expansion reduces as AAR expansion increases. The 
peak strain-expansion relationship used is 
(4.13) 
where £~ is the peak strain of AAR affected concrete; £o is the peak strain of the unaffected 
concrete; e ... is AAR expansion; a and ~ are parameters depending on the concrete with a= 
-1000 and ~.5 for the concrete tested. 
Initial Young's moduli 
The initial Young's moduli are plotted against expansion in Fig. 4.35. The relationship 
between the initial Young's modulus and expansion may be formulated based on the simple 
model shown in Fig. 4.36. In this model, the AAR affected concrete is considered as being 
composed of sound concrete and AAR gel. Asswning that the expansion of the concrete is 
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(4.14) 
The overall strain of the composite under stress cr is 
(4.15) 
From Eq. 4.15 and let the LjL = 1 then 
(4.16) 
where E10 , Ec and E1 are the initial moduli of the AAR affected concrete, the unaffected 
concrete and the 'gel'. When the AAR expansion, E81, is equal to zero then E.o is equal to Ec, 
i.e. the concrete is unaffected. The term modulus of the 'gel' is used here only for 
convenience it is in fact a property of the AAR cracks. E1 is determined from test results so 
that Eq. 4.16 can be made to match the test data. The best match to the tests is found when 
E1 is about 80 N/mm
1 for the concrete tested. Eq. 4.16 is plotted on Fig. 4.35 with different 
values of E1. 
4.7.3 Uniaxial stress-strain formulation 
The formula proposed by Sturman et alstur6S was found to be suitable for describing the 
uniaxial stress-strain relationship of AAR affected concrete. 
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(4.17) 
Differentiating Eq. 4.17 with respect to£ gives 
(4.18) 
With the boundary conditions dcr/d£ = E.o when £=0; <r= ( and dcr/d£ = 0 when E=E.o , 
then C 1 , C2 and <X. are found tO be 
(4.19) 
The procedure for calculating the uniaxia1. stress-strain relationship of AAR affected 
concrete in a finite element analysis is as follows: 
a) Determine the AAR expansion at each quadrature station using the nwnerical 
expansion analysis described in Chapter 2. 
b) Using the expansion obtained above, calculate the compressive strength f~ , the 
peak strain E.o and the initial Young's modulus E.o using Eqs. 4.12, 4.13 and 4.16 
respectively. 
c) Substituting f~ , E.o and E.o into Eq. 4.19 calculate Ctt C2 and a.. 
d) The uniaxial stress-strain relationship is then given by Eq. 4.17. 
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The predicted effect of AAR on the uniaxial stress-strain relationship is illustrated in Fig. 
4.37. It shows the change of stress-strain curves as the AAR expansion increases from£..,. 
=0 to £ =7 mm/m. ex 
Fig. 4.38 shows the predicted uniaxial stress-strain curves of the plain and reinforced 
cylinders, calculated using the measured AAR expansion values. Corresponding 
experimental stress-strain curves are shown in Fig. 4.32. 
4.8 CONCLUSIONS 
Verification of the expansion model 
1) In the proposed expansion model, it has been assumed that the instantaneous stress-
expansion relation remains unchanged through out the expansion process. The expansion 
tests on cylinders subjected to constant stresses confirm that the assumption is reasonably 
accurate, Fig. 4.24. 
2) The predicted expansions of the reinforced cylinders using the expansion model correlate 
well with the experimental results, Figs. 4.25, 4.26, 4.27 and 4.28. 
3) The numerical calculations suggest that the measured surface expansions may not give 
accurate predictions of the elongation of embedded reinforcement, especially when the 
reinforcement ratio is high. The same has been found by Chana experimentally. 
Test results 
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4) Although considerable scatter occurred between individual expansion measurements, the 
average expansions of each specimens indicated a relatively stable relationship between the 
expansion and the stress applied or the steel ratio. This suggests that a numerical approach 
is possible, in which the average AAR expansion can be realistically predicted using a 
smeared-type material model. 
5) The tensile specimens failed just before the AAR expansion started under stresses of both 
1.5 N/mm2 and 1.0 N/mm2• This indicates that there is a sharp reduction in tensile strength 
before noticeable expansion occurs. This is in line with the findings of other 
investigators Clay90, Nixo85, Swam88b. 
6) It was found that the lateral expansion of the top surface of a cylinder is substantially 
higher than that of the bottom surface, Figs. 4.14-4.16. This is thought to be due to the 
higher concentration of reactive sand near the top of the cylinder, as a consequence of the 
subsidence of the coarse aggregate during compaction. 
The average lateral expansion may not be the average of the top and bottom expansions, as 
the variation of the lateral expansion along the length of the cylinder is unknown. However, 
it can be estimated that, since the average longitudinal expansion is inbetween the top and 
bottom expansions, the average lateral expansion and longitudinal expansion are of the same 
order. 
7) By analysing the induced stresses in reinforced concrete cylinders, it is clear that 
differences exist between the surface expansion and the elongation of embedded steel bars, 
especially for the high steel ratio cylinders. The difference is considered to be partly due to 
the difference between surface expansion and internal expansion and partly due to the bond 
slippage of steel relative to concrete. 
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8) The stress-expansion relationship for the SERC/BRE bridge concrete has been 
formulated based on test results for the expansions of 100 nun diameter cylinders under 
constant compressive stresses when conditioned in a hot water tank with a constant 
temperature of 38 °C. 
The stress-expansion relationships have been used in the numerical calculations for the final 
expansions of 150 nun diameter reinforced concrete cylinders. The numerical results agree 
well with test results. 
9) A uniaxia1 compressive stress-strain curve, which is a function of AAR expansion has 
been formulated using the limited test data obtained. The relationship has been used in a 
plasticity based material model in a non-linear finite element program which is described in 
detail in the next chapter. The validity of the model is discussed through the comparison of 
numerical prediction, using the finite element program, and experimental results in Chapter 
6. 
Testing method 
10) The method used for the expansion tests under sustained tension has the advantages of 
a) reliable loading mechanism compared to those using glued ends or embedded end 
reinforcement, b) an accurate and easily controlled applied load, c) resistance to the 
aggressive environment and d) low cost. 
The disadvantage of the method is that there may be a weak section near the neck of the 
dog-bone specimens which may be due to the restraint of the mould preventing the 
specimen from shrinking freely during the hardening process. This problem may be solved 
by redesigning the shape of the specimen and improving the casting procedure. 
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Chapter 5 Non-Linear Finite Element Approach 
5.1 General introduction to the FE program 
Based on the expansion model described in Chapter 3 and the material models for AAR 
affected concrete described in Chapter 4, a non-linear finite element computer program has 
been developed•. The inclusion of the material models for AAR affected concrete in the 
numerical approach allows the load capacity and post-AAR behaviour of the affected 
reinforced concrete members to be analysed. An outline of the computer program is given in 
this section. Detailed finite element formulations, constitutive models, and solution 
procedures are given in later sections. The computer program has been used to predict the 
behaviour of a number of AAR affected reinforced concrete members tested in laboratories. 
Some analytical results from the computer program and discussions of the developed 
numerical approach are given in Chapter 6 which also describes the use of the program for a 
numerical parametric study of AAR affected members. 
Element types 
The program is a two dimensional analysis. Concrete elements can be either four-node or 
eight-node quadrilateral element, or three-node or six-node triangular elements. 
Reinforcement is represented by line elements with two or three nodes, Fig.5 .1. Four-node 
• The program is based on a non-linear finite element program for reinforced concrete panels and in.filled 
frames developed by Naji, J. HNaji89• Further developments in the program for AAR affected reinforced 
concrete members include the incorporation of AAR expansion model, the material model for concrete 
deterioration and changes of solution procedures for pre-AAR, AAR expansion and post-AAR analyses. 
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or six-node interface elements are available for simulating the bond behaviour between 
concrete and reinforcement or the interface between loading platen and the concrete 
member, Fig.5.2. 
Types of cracking in concrete 
Before the description of material models for concrete, the types of cracking in the concrete 
need to be defined. This is because the usual way of describing a nonnal concrete without 
AAR as being 'cracked' or 'not cracked' does not seem to be suitable for concrete affected 
by AAR, which is generally with cracking regardless of the stress status. Cracking can be 
divided in to different types according to the causes of the cracking. The different types of 
cracking will be modelled using different methods in the numerical analysis. 
In a numerical model for concrete without AAR, cracks in concrete are generally caused by 
external loading. These cracks can be divided into two types. The first type of cracking is 
caused by global tensile stress. The global tensile stress can be calculated from the 
externally applied load through the equilibrium conditions or the theory of continuum 
mechanics, e.g. the tensile stress due to direct tensile force or that due to a splitting force. 
The second type of cracking is due to the local tensile stress caused by the inhomogeneity of 
the concrete, such as the internal micro cracks existing in a concrete under uniformly 
distributed compressive loading. Generally, only the first type of cracking is represented by 
a crack model in a numerical approach. The most popular models are the smeared crack 
model and the discrete crack model. 
When the first type of cracking occurs in a model concrete, the concrete is defined as being 
cracked. However, the second type of cracking is not generally represented by a crack 
model as such. If a concrete is under uniform compressive stress, the model concrete will 
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never 'crack', although in reality internal cracks may have occurred under the stress. 
However, the deterioration of the model concrete properties due to the second type of 
cracking is reflected by non-linearity of the model concrete stress-strain relationships. 
In a concrete affected by AAR, internal micro-cracking will also occur due to the local 
tensile stresses inserted in the concrete through the expansion of the gel. 
Similar to the modelling of cracks for the concrete without AAR, in the present material 
model, only the first type of cracking is represented by a crack model. The effects of the 
internal cracks due to the local tensile stresses inserted by the swelling of gel are not 
represented by a crack model; the effect of this type of cracking on the properties of 
concrete is reflected through the change of the stress-strain law for the model concrete. 
Based on the above description and discussion, the cracking in a concrete affected by AAR 
is divided into three types. 
• Type one is of the cracking due to the global tensile stress that can be determined using 
the theory of continuum mechanics with the concrete being regarded as a uniform 
material. This type of crack is represented by a crack model in the numerical analysis. A 
concrete cracked due to the global tensile stress will be referred to as a concrete with 
type one cracking or concrete cracked due to the global tensile stress. 
• Type two is of the cracking due to the local tensile stress arisen from inhomogeneity of 
concrete, such as the internal micro cracks existing in a concrete under unifonnly 
distributed compressive loading. This type of cracking is not explicitly represented by a 
crack model in the numerical analysis. The effect of the cracking on concrete behaviour 
is reflected through the non-linearity of the stress-strain relationship. 
• Type three is of the cracking due to the local tensile stress inserted by the gel expansion. 
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This type of cracking is not explicitly represented by a crack model in the nwnerical 
analysis. The effect of this type of cracking on the behaviour of the concrete is reflected 
by the change of the stress-strain curve. This will be described further in Section 5.4.1.2. 
Since only the type one cracking is explicitly represented by a crack model, the concrete can 
be described as either with or without type one cracking. The behaviour of the concrete 
without type one cracking is modelled using a constitutive law based on an incremental 
theory of plasticity. 
Material models 
A plasticity model is adopted for concrete without type one cracking with an associated 
flow rule and isotropic hardening. The plastic flow and work hardening are controlled by 
the equivalent stress-plastic strain relationship, which is obtained from the uniaxia1 
compressive stress-strain curve. The shape of the equivalent stress-plastic strain relationship 
is usually unchanged for normal concrete without AAR throughout the analysis, but is 
changed for AAR affected concrete as expansion occurs. The shape of the equivalent stress-
strain relationship is determined by four parameters: initial Young's modulus; uniaxia1 
compressive strength; strain at peak stress and the ultimate compressive strain. The four 
parameters are functions of the equivalent AAR expansion which is defined as the average 
expansion of the concrete. The equivalent stress-plastic strain relationship is thus a function 
of the expansion. Unloading of concrete, which is not studied in detail, is asswned to be 
elastic with the initial Young's modulus of the affected concrete. 
The tensile strength for AAR affected concrete in the tension-tension zone is asswned to be 
constant regardless of the value of the expansion. In the present analyses the value of tensile 
strength is usually chosen to be half of the value for normal concrete. In the tension-
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compression zone, the tensile strength is reduced linearly as the orthogonal, principal 
compressive stress increases. 
The smeared crack model is adopted to represent type one cracks in concrete due to the 
global tensile stress. Cracking occurs when the tensile stress exceeds the set tensile strength. 
Strain softening behaviour is assumed for concrete after the cracking. Unloading of cracked 
concrete follows the path of secant modulus. 
The stress-strain relationships for reinforcement in both tension and compression are hi-
linear, with linear elastic behaviour before yielding and linear strain-hardening after yielding, 
the slope of which is determined by a strain-hardening factor. Unloading paths of 
reinforcement after yielding follow the elastic modulus. 
The constitutive model employed for the interface between reinforcement and concrete has 
a parabolic tangential stress-slip relationship and a linear elastic normal stress-strain 
relationship. The effect of normal stress on the tangential stress-slip relationship has not 
been included in the model. The unloading of the tangential stress follows the path of initial 
modulus. When the tangential stress changes direction, which usually happens on one side 
of a type one crack, the bond strength is reduced, depending on the maximum bond stress 
previously reached. 
Analytical procedures 
The analysis for an AAR affected concrete member is generally carried out in three stages 
which follow the service history of the member: 
A structural member is usually loaded before the AAR expansion occurs. This may include 
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self weight and service loading. The first stage of the analysis is to simulate this situation 
and determine the stress, deformation and cracking of the member before any AAR 
expansion taking place. This stage is a non-linear finite element analysis for normal concrete 
members under a given loading. 
For some members tested in the laboratory, without any loading during the expansion 
period, this stage will be absent. 
The second stage of the analysis is the expansion analysis, which simulates the period when 
AAR expansion is taking place. 
As has been described in Chapter 3, the basic variable of the expansion process is the free 
expansion and a final free expansion is pre-specified for an analysis. The specified final free 
expansion is reached by a number of small free expansion increments. The analysis is, 
therefore, done in a number of small steps. The procedure for the expansion analysis is as 
follows: 
i) At the beginning of each step, the value of the incremental free expansion M~ is 
specified. The restrained expansions in the principal stress directions at each 
concrete sampling point are calculated based on the principal stresses and the stress-
expansion relationship. 
ii) The analysis is carried out as an initial strain problem with the restrained 
expansions as the initial strains. The initial unbalanced nodal forces are calculated 
according to the properties of the concrete at the beginning of the step. 
iii) The initial unbalanced nodal forces caused by the initial strains are eliminated 
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iteratively to achieve equilibrium. The iterative procedure is the same as that 
described in Chapter 3, in which more detailed description of the procedure has been 
given. 
iv) After equilibrium is achieved, the concrete properties are modified, based on the 
values of the expansion at each sampling point in the concrete and using the material 
deterioration-expansion relationships described in Chapter 4. The values modified 
are uniaxial compressive strength, initial Young's modulus, strain at peak stress and 
the ultimate compressive strain. The equivalent stress-plastic strain relationship is 
then modified using the new values of the four parameters. The effective plastic 
strain for each concrete sampling point is also modified. 
v) Steps i) to iv) are repeated until the pre-specified value of total free expansion is 
reached. 
The third stage is the analysis of the affected member under external loading. In this stage 
the affected member is subjected to external load up to failure to determine the post-AAR 
behaviour and the load capacity of the member. This stage is a non-linear analysis similar to 
that for normal concrete but with the deteriorated material properties and locked in stresses. 
5.2 The finite element formulations 
The finite element formulations used in the program are briefly listed in this section. No 
detailed descriptions are given as they can be found in any finite element text book, e.g. 
Zienkiewicz, 1989. 
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5.2.1 Concrete element 
Shape functions 
Four types of iso-parametric element have been included in the program to represent 
concrete: eight-node and four-node quadrilateral elements; and three-node and six-node 
triangular elements. The shape functions of the elements are: 
a) Eight-node quadrilateral element, Fig. 5.1a, 
N1 = _.!_(1+;1;)(1+11;11)0-;,;-11,11) 4 
N; = ~ (1+;;;+11;11)(1-;~112 -11~;2 ) 
b) Four-node quadrilateral element, Fig. 5.1b, 
c) Six-node triangular element, Fig. 5.1c 
N 1 =(2C1 -l)C1 N2 =4C1C2 
N 3 =(2C2 -1)C2 N,.=4C2C3 
N 5 = (2C3 -l)C3 N6 = 4C3C1 
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(i = 1, 3,5, 7) 





cl = .!. o + 2;) 
3 
c2 =~(1-;-J3,) 
c3 = .!.(1-; +J311) 
3 
d) Three-node triangular element, Fig. 5.1d 
1 
N I =3(1+2;) 
N 2 = .!_ (1- ; - J311) 3 
N 3 = .!_(1-; +J311) 3 
(5 .4) 
(5.5) 
For the above elements, the global Cartesian coordinates at any point (x, y), within the 
element is related to the nodal coordinates (xt> y t> · · · , x,, y .J by the shape functions in terms 







x, y are the Cartesian global coordinates; 
;, 11 are the curvilinear coordinates; 
Xj, y1 are Cartesian coordinates of node i; 
n is the number of nodes of the element; and 
(5.6) 
N1 is the shape function given in terms of local coordinates associated with node i. 




u(;, Tt) = LN1 (;, Tt)u1 
D 
v(;,Tt)= LN1(;,11)v1 (5.7) 
i•l 
where u and v are displacements corresponding to x and y directions. u; and V; are the 
d.isplacements at node i. 
Strain-displacement transformation 
Strains are related to nodal displacements through matrix B as 
(5.8) 
where£ is the strain vector. a• is the element nodal displacement vector. 
in which a;= {u;, v;} (5.9) 
· where n is the number of node of the element. 
(5.10) 








in which J is Jacobian matrix given by 
[
""aNi x . 
£- ar- . J- .., 
- ""aNi x. £-en,· 








The element stiffness matrix is calculated by the following integration over the whole 
volume of the element 
(5.14) 
Where 8 is a function of local curvilinear coordinates and dv is given by dv = t I J(;,Tt) I d; 
dTt. The element stiffness matrix is, therefore, evaluated by 
(5.15) 




Ke = t LBTD B IJ(;,Tl)l W j 
jal 
I J(;,Tl) I is the determinant of the Jacobian matrix, 
wi is the weight coefficient for quadrature point i, 
m is the number of quadrature points, and 
t is the thickness of the element. 
Within elastic range, the isotropic stress-strain relationships is given by 
Ez 
D= V 1 (l-v)2 
0 0 






Non-linear stress-strain relationships for concrete are given later in this chapter. 
The quadrature rules available in the program are 4-point and 9-point quadrature rules for 
quadrilateral elements and 1-point, 4-point and 7 -point rules for triangular elements. 
5.2.2 Reinforcement element 
Shape functions 
(i = 1,2) (5.18) 
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b) Three-node element 
Ni = .!.s(l +sis) 
2 
N2 = 1-sl 
(i = 1,3) (5.19) 
The global Cartesian coordinate of a point within an element associated with local 
curvilinear coordinate s is given by: 
D 
x(s) = L Ni (S) xi 
D 
y(S) = L Ni (S) Yi 
i•l (5.20) 
The displacements for line type of element are interpreted by the following equations. 
D 
u(s) = LNi(S) ui 
n 
v(S) = LNi(S) vi 
i•l (5.21) 
where 
u(s), v(s) are the displacements in x and y directions in the global Cartesian 
coordinate system at a point corresponding to the local curvilinear coordinate S· 
u1, v1 are the displacements in x and y directions in global Cartesian coordinate 
system at node i. 
n is the number of nodes of a element. n = 2 or 3. 
Local strain-displacement relationship 
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In the program, the element stiffness matrices and nodal forces are first calculated in a local 
coordinate system, with abscissa coincident with the element axis and then transferred into 
the global coordinate system. In the following, prime is used to denote quantities associated 
with the local coordinate system. The local strain-displacement relationship is expressed as 
where 
h te { 1 1 }T w ere a i = u i , v i . 
B' matrix 
a •• = {a•• · ·· a •• }T I, , D 
B 1 matrix for reinforcement elements in general is in the form of 
B1=[B 1 • • • B1 ] I , , D 
where B\ is sub-matrix given by 









J is Jacobian matrix and, in one dimensional case, is a scalar. 
n is the number of node of an element. n=2 or 3. 
Stiffness matrix evaluation 
The element stiffness matrix for a reinforcement element is calculated by the following 
equations. 
m 
K• = I,BTD B J(~)w j (5.28) 
.i-•1 
where D=EA when the reinforcement is within the elastic range. 
The quadrature rule used is either the two-point or the three-point rules. 
Transformation of element stiffness matrix to global coordinate system 
An element stiffness matrix is firstly evaluated in its local coordinate system and then 
transfonned to the global coordinate system by means of the coordinate transformation 
matrix. 
(5.29) 
where. K• is element stiffness matrix in global coordinate system. 
K ,. is element stiffness matrix in local coordinate system. 
T is given by 
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0 L (5.30) 
in which, the number of sub-matrices L is equal to that of the nodes of an element. The sub-
matrix L is given by 
[ 
cose sine] L= 
-sine cose 
where e is the angle of the axis of the element to x-axis. 
5.2.3 Interface element 
Shape functions 
a) Four-node element Fig. 5.2a: 
1 N . =-(1+~ .~) 
I 2 ~~~ 
b) Six-node element Fig. 5.2b: 
Ni =~<1+sis) 
N i = 1-sl 
(i = 1,2,3,4) 
(i = 1,3,4,6) 
(i = 2.5) 





a'e = {a'e ... a'e }T 
1 ' ' n ' (5.34) 
E'e = {.1u' ,.1v'Y is a vector of tangential and normal relative displacements between the 
two sides of the interface. 
[N. 0] where 8'. = B'. = 1 I I 0 N. 
I 
Coordinate transformation 
8'=(8' ··· 8' J 1' ' n 
& . n 
lOr ~~-; 
2 
B'.=[-N; 0 ] 
I 0 -N. 
I 
(5.35) 
& . n 
10r 1>-. 
2 
Transformation from a local coordinate system to the global coordinate system of an 
element stiffness can be done in a similar way to that for a line element. In the program, 
however, the 8 matrix is firstly transformed to the global co-ordinate system by 
(5.36) 
[ 
cose sine] in which L = . and e is the angle between the interface element and x-axis. 
-sme cose 
Stiffness matrix evaluation 
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m 
K. = IBTD B J(s)wj (5.37) 
j •l 
5.3 Constitutive models 
5.3.1 Concrete 
The word 'cracking' used in this section means the type one cracking caused by global 
tensile stress as has been defined in Section 5.1. 
5.3.1.1 Concrete with type one cracking 
General description 
After cracking ~curs, the concrete is assumed to become orthotropic with material axes 
orthogonal and parallel to the crack. If a crack occurs in only one direction, the stress-strain 
behaviour normal to the crack is governed by a strain softening constitutive law while that 
tangential to the crack follows constitutive relationship for concrete under uniaxia1 stress. 
Poisson's ratio is set to zero after cracking occurs. The shear stiffness is reduced by a 
reducing factor which is a function of the strain normal to the crack. A crack is allowed to 
close if the stress normal to the crack becomes compressive. The direction of an opened 
crack is fixed and a second crack can open in a direction normal to the first crack. If the 




The cracking criterion adopted in the program is a principal stress criterion. When a 
principal stress reaches the stress limit, cracking is assumed to occur. The stress limit used 
in the present analysis changes with orthogonal stress and is given by 
where 
{
f' (1 + 0.6cr2) 
f = I f' 
C% c 
f' I 
~ is the stress limit for cracking. 
fit re are the uni.axia1 tensile and compressive strength respectively. 
cr1 , cr2 are principal stresses and cr1 > cr2• 
Strain softening 
(5.38) 
A cracked point in the model concrete is assumed to be able to sustain tensile stress nonnal 
to the crack, which reduces rapidly with increasing nonnal strain. The relationship for the 
strain-softening behaviour used in the program is based on a fracture energy approach. 
Fracture energy is defined as the energy dissipated for unit area of crack from the onset of 
the crack to total opening. According to the definition, fracture energy is given by 
.. 
Gt = J cr(w) dw 
0 




w = - (€ - € ) = 1 (€ - € ) n a e n er 
s 
From Eqs. 5.39 and 5.40, the normal stress-strain relation is given by 
Where 
Gr is the fracture energy. 




£.., €.., are strain normal to the crack and the strain when cracking occurs. 
cr" is the stress normal to the crack. 
~is the stress when cracking occurs, or the cracking stress limit as described earlier. 
1., is characteristic length defined by 1., = v /s 
v is the volume around the crack involved in the energy dissipation. 
s is the area of cracked surface. 
For a plane stress problem, le is given by • 
1 =;;. c (5.42) 
where a is the area associated with the cracked quadrature station. 
Constitutive law tangential to a crack 
If cracking occurs in only one direction at a quadrature station, the stress-strain relationship 
in the direction tangential to the crack is assumed to be the same as that for concrete under 
166 
uniaxia1 stress. The relationship proposed by Sturman et al 5nri5 is adopted for stresses from 
zero to the value of compressive strength f. which corresponds to peak strain £10• 
(E<£.0 ) 








crc is concrete stress. 
E., is initial Young's modulus of concrete affected by AAR. 
E is concrete strain. 
f. is the uniaxial compressive strength of concrete with AAR. 
E.o is the strain at peak stress. 





After cracking, the concrete is assumed to resist shear force but has a reduced stiffness. This 
is modelled by multiplying shear modulus G with a reduction factor ~ which is a function of 





~= a-1 Ea 
~=0.1 
(5.46) 
Crack closing and reopening 
When the stress normal to the crack becomes compressive, the crack is assumed to close. 
The sampling point with a closed crack is treated as uncracked concrete, the crack can, 
therefore, 'reopen' in any direction, according to the direction of the principal tensile stress. 
5.3.1.2 Concrete without type one cracking 
For concrete without type one cracking, a constitutive model based on incremental theory 
of plasticity is employed. In the case of normal concrete, the effective stress-strain 
relationship remains unchanged throughout the analysis. For AAR affected concrete, the 
relationship changes as expansion occurs. In the present approach, the AAR is assumed to 
occur in a finite number of small steps of incremental free expansions. Within each step the 
properties of the concrete remain unchanged. The properties are updated at the end of each 
step according to the values of expansion at each sampling point. 
Since the governing effective stress-strain relationship remains unchanged within each 
incremental step, the normal procedure for unaffected concrete can be used within the step. 
In this section, constitutive models and formulations for normal concrete are briefly 
presented. More detailed theoretical background of the models can be found elsewhere, 
e.g., Hill 1950, Owen et al 1980, Chen 1982. The method of updating the concrete 
properties is described later. 
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The yield criterion 
The yield criterion determines the stress level at which plastic deformation begins and can 
be written in the general form 
F(<J) = K(x:) (5.47) 
where F is termed the yield function which can be regarded as the measu.m of the level of 
stress. K is a value at which initial or further plastic deformation begins. The progressive 
development of the yield surface is defined by relating K to the plastic deformation by 
means of the hardening factor K. Since a work hardening postulate is employed, 1C is the 
total plastic work given by 
K = W = Ja d£ p p (5.48) 
where WP is the plastic work, <J is the stress vector and d£P is the vector of plastic 
components of strain occurring during a strain increment. d£P is given by 
cl£ = d£-d£ p • (5.49) 
in which d£ is the vector of total strain increment and d£e is the vector of the elastic 
components of d£. 
In the present constitutive model for concrete without type one cracking, it is asswned that 
there is no pure elastic period and thus plastic strain occurs from the beginning of stressing. 
The initial value of K is, therefore, zero. Subsequent yielding depends on accumulated total 
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plastic wo!X. 
The yield function used in the present study is given by Owm84 
I 
F(cr)=(a.l1 +3~J2 )2 =cr0 (5.50) 
in which I1 is the first stress invariant and J2 is the second deviatoric stress invariant. For 
plane stress problems I 1 and J 2 are given by 
I1 = crx +cry 
1 2 2 2 Jl = 3Ccrx +cry -crxcry)+'txy 
(5.51) 
Eq. 5.50 is, therefore, 
I 
F(crx,cry,'txy) = {a<crx +cry)+~[<cr! +cr~ -crxcry)+3't~ ]}1 = cr0 (5.52) 
where a and ~ are material parameters determined, in the present constitutive model, by the 
unia:xial and the equal-biaxial compressive stress states at their ultimate strengths. For the 
uniaxial case, crx = -fc, cry= 'tlt)' = 0, Eq. 5 .58 becomes 
I 
F(f'c) = ( -af'c +~f'; )l = cr0 (5.53) 
For the bi-axial case, wherecrx = cry = -f bi , 'txy= 0, 
I 
F(f'bi) = ( -2af'bi +~f'!i )2 = cro (5.54) 
170 
where fc is uniaxial compressive strength; fbi is the compressive strength when cr" =cry. The 
ratio of fbi to fc ranges from 1.15 to 1.2. If the value 1.16, suggested by Kupfer Kupm, is 
used , then <X and ~ have the values of 
<X= 0.35468 <10 ; ~ = 1.35468 (5.55) 
The flow and hardening rules 
The flow rule governs the flow of plastic strain after yielding. The associated flow rule is 
adopted in the present model, in which the relation 
F(cr) = P (5.56) 
is assumed, where P is termed the plastic potential. The plastic strain increment is assumed 
to be proportional to the gradient of the plastic potential. Thus 
· in which a is given by 
d£ = dl..a p (5 .57) 
(5.58) 
where dA. is the plastic multiplier and a is a vector directed normal to the yield surface F. 
Eq. 5.57 is therefore termed the normality condition. To obtain the formulations for a, 
substitute a=2b<10 into Eq. 5.50 and solve for <10• The explicit form of yield function can 
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then be rewritten as 
I 
F(a) = a0 = bl1 +[(bl1) 2 + 3J3J 2 ]2 (5.59) 
or 
I 
F = b(ax +ay)+[ (b2 + J3)a! +(b2 +J3)a~ +(2b2 - J3)axay + 3~'t~ F (5.60) 
The formulation for a is obtained from Eq. 5.60 as 
where 
a1 = b+[2(b2 +J3)ax +(2b2 - J3)aY ].!.. Q 






Q = 2[(b2 +~)a! +(b2 +J3)a~ +(2b2 -~)axay +3~~ 12 (5.62) 
and b=0.17734, ~1.35468. 
The plastic multiplier dA in Eq. 5.57 is evaluated by 
(5.63) 
in which D is the matrix of elastic constants. H' is the gradient of the effective stress-plastic 
strain relationship. 
The effective stress-plastic strain relationship, which governs the progress of the yield 
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surface, is obtained from the uniaxial stress-total strain relationship by subtracting the elastic 
strain. The uniaxial stress-total strain relationship has been given in Eq. 5.43. For 
convenience it is rewritten here. 
0 
= {E.0E(1 + et<a-l)) 













Oc is concrete stress. 
E10 is initial Young's modulus of concrete affected by AAR. 
E is concrete strain. 
f. is the uniaxial strength of concrete with AAR. 
E.o is the strain at peak stress. 




Substituting E = E. + ~ = Oc I E.o + ~· into Eq. 5.64 and replacing Oc and ~ with, 
respectively, the effective stress .0: and the effective plastic strain tp, the effective stress-
plastic strain relationship can be derived as 
(5.67) 
The derivative of the effective stress with regard to the effective plastic strain, H', is 
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obtained, from Eq. 5.67, as 
where 
H'= dg: =~E 
d£ 1-R ao 
-p 




The uniaxial stress-total strain relationship, Eq. 5.64, and effective stress-plastic strain 
relationship, Eq. 5.67 are illustrated in Fig. 5.4. 
The effective plastic strain .Ep is given by 
(5.70) 
where d.Ep is the incremental effective plastic strain. Since the value of the incremental 
effective plastic strain is greater than or equal to zero, the effective plastic strain is an 
increasing function. 
Since the work hardening rule is employed, the incremental effective plastic strain can be 
evaluated using the concept of the plastic work that, from Eq. 5.48 
(5.71) 
1be incremental effective plastic strain is thus given by 
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crd£ dE =--P 
-P cr 
Modification of concrete properties during the expansion analysis 
(5.72) 
During the period of AAR development, the concrete properties deteriorate and thus the 
governing stress-strain relationship changes. In the present analysis the progress of AAR 
expansion is simulated by a number of incremental steps of free expansions. Within each 
step, the effective stress-plastic strain relationship remains unchanged, until equilibrium is 
achieved The relationship is then updated according to the new value of the restrained 
expansion. The updated relationship is then used in the next step. 
The relationships between the deterioration of concrete properties and expansion have been 
formulated in Chapter 4 for the uniaxia1 case. Since there are insufficient data available to 
formulate a multi-dimensional case, preliminary two dimensional constitutive models, which 
were directly extrapolated from the one dimensional models, have been adopted in the 
present analytical approach. 
Three parameters are required to determine the effective stress-plastic strain relationship, 
Eq. 5.67. 1bey are the Young's modulus, uniaxia1 compressive strength and the peak strain. 




In the above equations 
E., is Young's modulus of concrete affected by AAR. 
Eo is Young's modulus of concrete not affected by AAR. 
E, is termed the modulus of AAR gel. 
f.' is uniaxial compressive strength of concrete affected by AAR. 
f.,' is uniaxial compressive strength of concrete not affected by AAR. 
E.o is the peak strain of concrete affected by AAR 
Eo is the peak strain of concrete not affected by AAR. 
(5.75) 
C1 , ~ and ~ are material property constants to be determined from tests. The 
values used in the present study are 1300 N/mm2 , 0.5 and -1000 respectively. 
£.,,. is the average expansion given by 
(5.76) 
where E,., Ey are strains of concrete at sampling point in directions x and y. 
The effect of increased average expansion is to reduce the value of Young's modulus and 
uniaxial compressive stress, and to increase the uniaxial peak strain, Eqs. 5.73 to 5.75. The 
effect of the increased average expansion on the effective stress-plastic strain relationship is 
illustrated in Fig. 5.5. 
Update of the effective plastic strain after the update of concrete properties 
After updating the effective stress-plastic strain relationship, the effective plastic strain 
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needs to be adjusted so that the loading swface remains unchanged in the stress space. 
Otherwise a stress point may fall outside the loading swface if the loading swface is 
calculated using the updated effective stress-plastic strain relationship with the unchanged 
value of effective plastic strain as shown in Fig. 5.5. point A. 1bis is inconsistent with the 
plasticity method used. 
The effective plastic strain is, therefore. recalculated using Eq. 5.67 with the effective stress 
0: and the updated E10 • f.' and £10 at the end of each incremental step. 
It is known that the degradation of normal concrete under compression is mainly due to 
development of internal cracks. The effective plastic strain may be regarded as a measure of 
the internal damage. For normal concrete. the effective plastic strain is only due to the 
external load. For concrete affected by AAR. the effective plastic strain is a combination of 
the external load and AAR expansion. 
In the present method, the evaluation of the effective plastic strain, which quantifies the 
degradation of the concrete. due to the combination of the stress and AAR has been 
simplified by separating it into two portions within each incremental step. The effective 
plastic strain due to the stress is initially evaluated, followed by the modification of the 
effective plastic strain. The change of the effective plastic strain, L\£p shown in Fig. 5.5. due 
to the modification. represents the degradation of the concrete due to AAR. 
Since the change of concrete properties and the updating of the effective plastic strain is 
discrete the incremental step should be kept as small as possible to reduce the error. An 
incremental free expansion of 20 - 100 micro strain per step was used in analyses of some 
beams and columns and it was found that the results were stable. 
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Unloading path 
The unloading path follows the elastic modulus E.o, Fig. 5.3. 
5.3.1.3 The crushing criterion 
In the present model, the isotropic hardening of the loading surface is tenninated when the 
effective stress reaches the value of the uniaxial compressive strength. Beyond that, a 
perfectly plastic response is asswned to occur. Plastic flow continues until the concrete 
crushes. Crushing failure is a strain related phenomenon and can be controlled by a failure 
surface in the strain space, with the expansions due to AAR being taken into consideration. 
Due to the lack of experimental data, a crushing criterion has been employed in the present 
analysis, which is directly converted from the equation for the yield criterion and is given by 
I 
~=[all I +3~] z' ]l = £.,. (5.77) 
where 
~ is termed the equivalent strain. 
£= is the crushing strain under uniaxial compression. 
11' is the first strain invariant. 
J2' is the second deviatoric stress invariant. 
After crushing, concrete stresses drop abruptly to zero and the material is asswned to lose 
its resistance completely against any further deformation. 
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5.3.2 Reinforcement 
The behaviour of the reinforcement under monotonic load is modelled by a hi-linear stress-
strain curve. Unloading follows the elastic modulus. A kinematic strain hardening rule is 
adopted in the model to take in to account the Bauschinger effect. The constitutive model 
for the reinforcement is illustrated in Fig. 5.6. 
5.3.3 Interface element 
Two constitutive models have been incorporated in the program for the interface element: 
one is for the simulation of the interface between the loading platen and the concrete 
member and the other is for the bond between the reinforcement and concrete. 
The stress-strain relationship is given by 
(5.78) 
where~ and K, are the tangential and normal interface stiffness coefficient respectively. 
Although the coupling effects are not included explicitly in Eq. 5.78, they can be taken into 
account by defining the coefficients, K1 and Kn, to be functions of~ and 6£.. Rrb89· 
For the interface between the loading platen and concrete, K, and ~ are assumed to be zero 
when£,.> 0, i.e. when the platen and concrete are separated. When £,. < 0, K, and~ are 
constantsN•ji&9. 
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A bond model for plain bars developed by ParsonsParo~W has been adopted for the interface 
between the reinforcement element and the concrete element. The coupling effect between 
the radial pressure and the bond is not included in the model. The coefficient of normal 
stiffness K, is a constant. The bond stress-slip relationship is given by 
where ~ is initial bond stress slip modulus given by 
q .. is ultimate bond stress. 
q is bond stress. 
R 2q .. >--
0 ll. 
u 
ll. is slip between reinforcement and concrete. 
R.., is secant modulus, R.., = q .. I /l.... 
ll.. is the slip at maximum bond stress q ... 
(5.79) 
(5.80) 
When a type one crack occurs in concrete, the bond stress at the interface between the 
concrete and reinforcement may reduce or even change direction. In the present constitutive 
model for the bond interface, the modulus of the unloading of the bond stress is assumed to 
be equal to the initial bond stress-slip modulus ~. When the bond stress changes direction, 
the ultimate bond stress, q .. , is reduced if the previous maximum bond stress exceeds a 
threshold value. 
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5.4 Solution procedure 
General 
It is essential that the non-linear solution technique used in the analyses should be adapted 
for the problem to be solved. 
In the present finite element program, only material non-linearity is considered. The main 
sources of the material non-linearity for the reinforced concrete structures affected by AAR 
include: 
1. deterioration of concrete properties due to AAR, 
2. plastic deformation of concrete and reinforcement, 
3. non-linear bond stress-slip relationship of the interface between concrete and 
reinforcement, 
4. cracking of concrete, and 
5. crushing of concrete. 
The handling of the concrete deterioration due to AAR has been described in the early 
sections. The rest of the sources of the non-linearity are common for both concrete with or 
without AAR. 
Many analytical and numerical difficulties have arisen from the strain softening behaviour of 
crack. following cracking. These include the following. 
a) The size dependency of the softening branch of the stress-strain curve&za76• 
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b) The non-uniqueness of the solution, or the existence of alternative equilibriwn 
pathsRb79, Criol2 . 
c) Convergence difficulties in the solution process. A major source of these is 
considered to be due to the cracking in concrete. The opening of a crack can 
cause sudden redistribution of the stresses in the surrounding concrete, 
reinforcement and at the interface between the concrete and the reinforcement. It 
can also cause the closing of existing cracks in the concrete surrounding the new 
crack. It is generally difficult, in calculating the system stiffness matrix, to 
determine in advance whether a concrete sampling point will follow the softening 
curve, which has negative tangent stiffness, or follow the unloading path with a 
positive tangent stiffness. The uncertainty about the tangent stiffness intensifies 
the difficulties of the non-linear solution procec:hue. 
d) The use of strain softening models may lead to 'snap back' on a structural level 
and, therefore, analysis of structures involving strain softening cannot always be 
carried out using normal displacement contro1Criol2. 
e) The crack, or the strain softening, can be a highly localised phenomenon and 
some solution techniques, such as the arc-length method, which takes into 
account all the degrees of freedom, may not be a suitable method for the localised 
problemc~~ Bonl6. 
A literature survey on the non-linear finite element analysis of reinforced concrete structures 
and the computing experience during the present research suggests that the mesh 
dependency and the problem of non-uniqueness of the solution have not been solved for the 
analysis of reinforced concrete structures involving strain softening behaviour and appear to 
be subjects requiring further research Baza9t . These problems have not been investigated in 
further detail in the present research. 
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Convergence problems in the analysis of reinforced concrete structures have been reported 
by many researchers. The problem has also been encountered during the development of the 
finite element program for AAR affected members. In order to select a suitable solution 
techniques a number of available methods have been investigated. 
The modified Newton-Raphson method (load control), standard displacement controlBeraBO· 
s-79, secant-Newton methods formula one and formula twoCri.oiO· Crio82 and the arc-length 
method have been examined. 
The analyses of the reinforced concrete beams, which were designed to fail in shear, showed 
that the use of small incremental steps in certain stage of the analysis was essential, 
regardless of which solution technique was used. The more sophisticated secant-Newton 
and arc-length methods did not seem to be more effective than standard displacement 
control or load control methods, when the reinforced concrete members with extensive 
cracking were analysed. 
The solution strategy adopted 
In the computer program, the modified Newton-Raphson method (load control), 
displacement control and combined modified Newton Raphson-displacement control 
solution procedures have been included. The choice of these solution methods is based on 
the fact that they are relatively simple and do not seem to be notably less efficient than the 
more sophisticated methods that have been examined for the type of reinforced concrete 
members to be investigated. 
For reinforced concrete members with AAR, conditioned under a constant pre-specified 
load, the member is initially loaded up to the specified load level before the expansion 
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analysis. In this case, it is necessary to use the load control solution procedure for the pre-
AAR analysis .. 
One of the reasons which necessitated the use of small incremental steps is considered to be 
the abrupt change of tangential stiffness of the cracking concrete sampling point from a high 
positive value to a high negative value. When a relatively large incremental strain is initially 
evaluated based on the positive tangent stiffness for such a point, significant unbalanced 
internal nodal forces may result. The unbalanced forces may in turn result in an incorrect 
nodal displacement correction vector and lead to divergence. It was noticed that, in a load 
controlled or displacement controlled or the arc-length controlled analysis, a very small 
increment could result in a large local strain increment during certain stage of the analysis. 
The above mentioned control methods do not seem to be effective in controlling the local 
strain increment. It appears that control of the maximum strain increment may reduce the 
chance of convergence failure. 
de Borstdc BonS? has studied solution techniques for strain-softening materials and found that 
the global arc-length control technique, in which the arc-length takes into account all the 
degrees of freedom, are less successful due to the localisation effects. It was suggested that 
use of only selected dominant degrees of freedom would be more efficient in controlling the 
incremental process. This technique was named as the indirect displacement control. 
However, the indirect displacement control technique needs to select only the dominant 
degrees of freedom and, therefore, depends on the structure to be analysed and on the 
judgement of the individual who carries out the analysis. 
A strain controlled technique has been used in the present program to control the 
incremental process. In this technique, the maximum incremental tensile strain of concrete, 
£emu, due to the load increment or the displacement increment is compared with an 
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allowable maximwn tensile strain, Emu. If £emu is greater than Emu then the load or 
displacement increment is reduced so that £emu = Emu . In the present analysis, Emu is 
taken to be the value of 0.5-1.0 (f,'/Eo), where~· is the tensile strength of concrete and Eo is 
the elastic modulus of concrete. 
The use of the strain controlled technique reduces the chance of convergence failure. The 
advantage of using the strain controlled method is that the analysis is less dependent on the 
members analysed 
5.5 Convergence criteria 
It seems logical to use displacement convergence criteria in the finite element analysis since 
it is the displacement configuration corresponding to a certain load level that is sought. 
However, for the analysis of reinforced concrete structures, displacement based criteria 
alone are generally not sufficient in checking the convergence of the iterative processBoolbiO· 
CopeS I 
In the present computer program, convergence is judged by both displacement and 
unbalanced force criteria When the both criteria have been satisfied, the solution is then 
regarded as converged. 
The displacement and unbalanced force convergence criteria are given by 






llrll x 100 < FTOL 
IIAfllrmx 
11•11 denotes the Euclidean norm; 
ll•llrmx denotes the maximum Euclidean norm previously reached; 
a is the vector of nodal transverse displacements; 
oa is the correction vector for a during the iteration process; 
r is the vector of unbalanced nodal forces; 
A is load factor; 
f is the vector of nominal load; 
DTOL is the displacement tolerance; 
FTOL is the unbalanced force tolerance. 
(5.82) 
In Eq. 5.82, the maximum Euclidean norm has been chosen as the denominator. This is to 
avoid the denominator vanishing, when, for example, the external load, which has been 
applied to a reinforced concrete member with AAR during conditioning, is removed from 
the member analysed 
For the reinforced concrete members conditioned without load, Eq. 5.82 cannot be applied 
during the expansion analysis because the denominator vanishes. In this case the following 
unbalanced force convergence criterion is employed. 
llrll_ <NTOL (5.83) 
where 
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11•11 .. denotes the max norm, which is defined as llxll .. = max { I x1 I , · · ·, I x, I } . 
NTOL is the tolerance for the max norm of the unbalanced nodal force vector. 
5.6 Termination of the analysis 
In the computer program, analysis is stopped when any of the following occurs: 
a) For AAR expansion analysis, the analysis is terminated when the pre-specified 
maximum free expansion has been reached. 
b) For the analysis of a member under external load up to failure, the analysis is 
terminated when either the pre specified maximum number of incremental stages 
or the maximum number of iterations has been reached. 
c) The analysis is diverging and the norm of unbalanced force exceed a given large 
value. 
AAR expansion analyses did not encounter convergence difficulties, provided the free 
expansion increments are kept small. However, it sometimes happened that, during the 
post-AAR analysis of a member under increasing external load, the norm of the unbalanced 
forces did not vanish nor diverge, but remained at a relatively stable value for a large 
number of iterations, although a very tight displacement tolerance had been satisfied. One of 
the reasons for this may be the repetitive opening and closing of cracks at some sampling 
points during the iteration process. When this situation occurs, the 1ocked' system may be 
disturbed by starting a new step, with a small load or displacement increment. 
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5.7 Concluding remarks 
a) The inclusion of the material models for concrete affected by AAR, together with the 
expansion model, in a non-linear finite element computer program allows the post-AAR 
behaviour and the ultimate load capacity of the affected reinforced concrete members to be 
analysed. 
b) In a plasticity based constitutive model, the effective stress-equivalent plastic strain 
relationship governs the non-linear behaviour of the material. For concrete without AAR, 
the equivalent plastic strain represents the extent of damage which is mostly due to internal 
micro cracking caused by the stress. The equivalent plastic strain is a function of stress 
history only. For AAR affected concrete, the degradation of the concrete is also caused by 
AAR expansion. In the proposed material model for concrete affected by AAR, the 
equivalent plastic strain is a function of both stress history and expansion history. The 
increase of the equivalent plastic strain due to AAR is calculated at the end of each 
incremental step during the expansion analysis according to the degradation of the effective 
stress-equivalent plastic strain curve, Fig. 5.5. The degradation of the effective stress-plastic 
strain curve is determined by the increment of the equivalent AAR expansion of the 
concrete. 
c) There are generally no convergence problems encountered in the expansion analysis. 1bis 
is considered to be due to the following facts. 
• During the expansion analysis only the service loading is applied, the stresses in 
concrete are generally moderate, the level of material non-linearity is low. 
• The change of stress due to AAR expansion is limited. 
• The type one cracking due to AAR expansion is, if any, very limited. 
• The free expansion increment is chosen to be relatively small, to reduce any error due 
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to the discontinuous change of concrete stress-strain relationship due to AAR 
expansion, which is only updated at the end of each incremental step. 
d) When the affected structural member is to be analysed up to failure, convergence 
difficulties sometimes occur. Solution strategies that control overall nodal displacements, 
such as the arc-length or displacement controlled approaches, appear not to be effective to 
control the incremental process. In such approaches, even very small increments can result 
in a large strain increment and, therefore, significant unbalanced nodal forces . This is 
considered to be due to highly localised instability due to the existence of cracks. 
A maximum strain controlled approach has been used in the analysis. This approach 
controls the incremental step by controlling the maximum local strain increment. Computing 
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Chapter 6 EXAMPLES 
The non-linear finite element program described in Chapter 5 has been used to analyse a 
number of reinforced concrete members tested in the laboratory. In section 6.1, examples of 
expansion analyses are presented. The examples presented in Section 6.2 include both 
expansion analyses and the post-AAR analysis. Finally, in Section 6.3, the effects of AAR 
on bending and shear mechanisms of singly reinforced beams are discussed using the results 
of numerical studies. 
6.1 EXPANSION ANALYSES 
In Chapter 3, a number of examples of expansion analyses of reinforced concrete members 
have been presented. The members analysed include synunetrically reinforced specimens 
and beams, using a closed form solution, and beams with general reinforcement 
arrangement, using a finite element program. In the analyses, the concrete was asswned to 
be linear elastic and with a constant Young's modulus. The inclusion of the expansion model 
into a non-linear finite element program, in which the cracking (type one cracking) and the 
models for material deterioration due to AAR have been incorporated, allows the expansion 
analysis to be carried out more realistically on a wider range of reinforced concrete 
members. Examples of expansion analyses are presented in this section. Comparison 
between the analytic results from the non-linear finite element analyses and the linear finite 
element analyses are also given. 
6.1.1 Example 1: Singly reinforced beam conditioned without load 
Fig. 6.1 shows details of the singly reinforced beams tested by Cope et al Copo92. The 
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expansions of the beams have been analysed, using a linear finite element program 
incorporating the expansion model, and presented in Chapter 3. To investigate the influence 
of material non-linearity on the expansion analyses, the beam is reanalysed using the non-
linear program. 
These beams were conditioned, with no loading, under water at 38 °C to accelerate the 
AAR expansion. Expansions of the beams were monitored during the period of AAR at 
various positions and directions. The measurements taken included horizontal expansions 
along the top, horizontal expansions along the reinforcement and vertical expansions, Fig 
3.17(b). The average values of the measured expansions were compared with the average 
free expansions of 100x200 mm cylinders, made of the same concrete and stored in the 
same conditions. 
Fig. 6.2(a) shows the finite element representation of the beam. In the analysis, the 
increment of free expansion used was 0.02 mm/m per step. The maximwn free expansion 
was 5 mm/m. The analysis was, therefore carried out in 250 incremental steps. Since no 
load was applied during the conditioning period, the convergence criterion, Eq. 5.83, in 
which the convergence is judged by the maximwn norm of unbalanced nodal forces, was 
employed. The tolerance for the maximwn absolute value of the unbalanced nodal forces 
was 50 N. The displacement tolerance was 0.1, Eq. 5.81. However, the convergence of this 
expansion analysis was always controlled by the unbalanced nodal forces. 
Figs. 6.2(b), (c) and (d) show, respectively, the deformation of the beam, the cracks due to 
the global tensile stress in concrete and the stresses induced in the reinforcement at a free 
expansion of 5 mm/m. The deformation shown in Fig. 6.2(b) has been amplified by a factor 
of5. 
The data used for the analysis are given in Table 6.1. 
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T bl 61 P a e . arameters use m e an lYSIS 0 d. th al . fbe ams test 
'Y ope et edb c al. 
Concrete: 
Compressive strength 50N/nun2 
Tensile strength 2.5 N/mm2 
Elastic modulus 40kN/mm2 
Poisson's ratio 0.20 
Fracture energy 0.05N/m 
illtimate crushing strain 0.0035 
Reinforcement: 
Yield stress 400N/mm2 
Elastic modulus 210kN/mm2 
Hardening factor 0 
The analytical horizontal expansions along the top of the beam and along the reinforcement 
are plotted against the free expansion in Fig. 6.3. The results from the linear finite element 
program described in Chapter 3 are also plotted for comparison. 
Fig. 6.4 shows the predicted stress distributions induced by AAR expansion through the 
mid-span section of the beam at different levels of free expansion ranging from 0.4 to 5 
mm/m. 
Fig. 6.5 shows the estimated change of uniaxi.a1 compressive strength and initial Young's 
modulus across the mid span section when the free expansion is 5 mm/m. 
From the analysis, the following observations can be made: 
a) The expansions due to AAR vary substantially throughout the depth of the beam. Fig. 6.3 
shows the difference between the expansion along the top and that along the reinforcement. 
The relatively lower expansion along the reinforcement, compared to the free expansion, 
demonstrates the sensitivity of AAR expansion to stress. The model proposed, taking into 
account stress history, was able to predict all the experimentally measured expansions 
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closely, Figs. 6.3 and 3.18. 
b) The short vertical cracks along the top of the beam, shown in Fig. 6.2( c), are caused by 
the global tensile stress generated by the differential expansion. AAR expansion can, 
therefore, induce global tensile cracks (type one) in addition to those (type three) caused by 
the expansion of the gel within the aggregate and cement paste. In this example, the global 
tensile cracks along the top of the beam occurred at a free expansion of between 0.4 tmn/m 
to 1 mm/m. After a free expansion of 2 mm/m, however, the cracks did not extend further 
into the beam but widened slightly as the free expansion increased to 5 mm/m. The average 
tensile stress at the top reduces as the free expansion increases from 1 mm/m to 5 mm/m, 
Fig. 6.4. This was due to the slightly increased crack width. 
c) The predicted variations of the uniaxial compressive strength and the initial Young's 
modulus through the mid-span section for a free expansion of 5 mm/m shown in Fig. 6.5 are 
used in the analysis of the affected beam when it is subsequently subjected to external load 
to failure. It can be seen that the compressive strength is less sensitive to expansion than the 
Young's modulus: the maximum reduction in the strength was about 10% and the reduction 
in Young's modulus was up to 70%. As has been discussed in Chapter 2 and Chapter 4, this 
is in agreement with the trends in the material property-expansion relationship reported by 
other investigators and found from the present tests. The effect of the variable properties on 
the perfonnance of members is investigated later. 
d)For this beam, Fig 6.3 shows that the differences between the expansion predictions from 
the non-linear program and the linear program are insignificant. The expansions along the 
reinforcement are almost identical. The top expansion predicted using the non-linear 
program is slightly higher than that predicted using the linear program. This may be mainly 
due to the occurrence of the type one cracking on the top of the beam when the non-linear 
program is used. 
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e) The patterns of the predicted stress distributions using linear and non-linear material 
models are also similar, Fig. 3.19 and Fig. 6.4. However, the predicted tensile stress near 
the top of the cross section using the linear program is higher than the tensile strength 
assumed for the analysis using the non-linear program. Since the region of high tensile stress 
is relatively small, the tensile stress does not have a significant effect on the predicted 
overall stress distributions. 
6.1.2 Example 2: Singly reinforced beam conditioned with load 
To investigate the effects of a load maintained during conditioning on the expansion and 
structural performance of the beams, Cope et al eop.92 have also tested beams conditioned 
with load. An analysis of one of the beams is presented in this section. The geometry and 
reinforcement details are the same as those for the beam described in the previous section. 
The loading arrangement is shown in Fig. 6.6. 
The data used for this analysis are the same as those for the previous example and given in 
Table 6 .1, with the addition of the applied loads. The finite element representation is shown 
in Fig. 6.7(a). In the analysis, the increment of free expansion used was 0.02 mm/m per step. 
The maximum free expansion was 5 mm/m. A constant load was applied throughout the 
expansion process, the convergence was, therefore, judged by three convergence criteria: 
the unbalanced force convergence criterion, Eq. 5.82, the maximum norm convergence 
criterion, Eq. 5.83, and the displacement convergence criterion, Eq. 5.81. The tolerances 
used were 1.0, 50 N, and 0.1 for convergence criteria Eq. 5.82, Eq. 5.83 and Eq. 5.81 
respectively. 
Figs. 6.7(b), (c) and (d) show, respectively the deformation of the beam, the cracks due to 
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tensile stress caused by the deformation of the beam and the stresses induced in the 
reinforcement at a free expansion of 5 mm/m. The deformation shown in Fig. 6.7(b) has 
been amplified by a factor of 5. Fig. 6.7 can be compared with Fig. 6.2 to see the predicted 
effect of the loads. 
The surface crack pattern of a beam may provide qualitative indications of the internal 
expansions. Typical surface cracking for unloaded and loaded beams are shown in Figs. 
6.8(a) and (b) respectively. It has been shownCope92 that, since the expansion due to AAR is 
influenced by stress, there exists a relationship between the surface crack pattern and 
internal stress distribution. To check, qualitatively, the predicted stress distribution and to 
examine the relationship, the predicted concrete principal stress contours and vectors are 
plotted in Figs. 6.9 to 6.13. Figs. 6.9 to 6.11 are for the beam conditioned under load at free 
expansions of 0.4, 1 and 5 nun/m. Figs. 6.12 and 6.13 are for the beam without loading at 
free expansions 0.4 and 5 mm/m. The corresponding reinforcement stresses are also shown 
in the figures. 
Fig. 6.14 shows the horizontal stress distributions across the section in the central part 
between the loads of the loaded beam at free expansions ranging from 0.4 to 5 N/mm2• 
Comparison with Fig. 6.4 shows the difference in the stresses in the concrete for the two 
cases. 
From Figs. 6.7 to 6.14 the following observations can be made: 
a) It can be seen, from Figs. 6.8, 6.9 and 6.12, that there is close correlation between the 
pattern of the analytical stress distributions and the pattern of the surface cracking of the 
tested beams. 
The beam conditioned under load can be divided into three zones, Fig. 6.15(a) depending 
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on the rnagnitudes and directions of the predicted principal stresses shown in Figs. 6.9(a) 
and (b). In zone A, which can be regarded as a stress free zone, the compressive stresses are 
less than 0.5 N/mm2• In zone B, the principal compressive stresses are greater than 0.5 
N/mm2 with directions as indicated. The stresses in zone C act horizontally with a 
magnitude greater than 1 N/mm2 • Fig. 6.8(b) shows that the directions of the cracks in zone 
A appear to be random while those in zone B and zone C tend to follow the compressive 
principal stress directions. 
b) From Figs. 6.9 to 6.11, it can be seen that the slope of the principal stress contours in 
zone B tends to reduce as the free expansion increases. 1bis is because, as the free 
expansion level increases, the horizontal restraint force from the reinforcement becomes 
more dominant. The stress distribution pattern at lower levels of free expansion, 0.4 to 1.0 
nun/m. matches better the surface crack pattern than those at higher free expansion levels, 
Fig. 6.12. 1bis is probably because the surface cracks will have formed at relatively low free 
expansion levels. 
c) The beam conditioned without loading can also be divided in to three zones, Fig. 6.15(b ), 
according to the stresses shown in Figs. 6.12(a) and (b) or Fig. 6.4. Zone A is a tension 
zone with principal tensile stress acting horizontally. Zone B is an area with both tensile and 
compressive stresses of small magnitudes. Zone C is an area with horizontal compressive 
stresses greater than 1 N/mm2• It can be seen, Fig. 6.8(a), that the cracks in zone A are 
predominantly vertical, which is considered to be due to the horizontal tensile stresses. 
Cracks in zone Bare randomly oriented and cracks in zone C tend to be horizontal. 
d) The correlation between the analytical stress distribution and the surface crack pattern 
described above may be regarded as to supporting the capability of the program to predict 
the stresses using the proposed expansion model. 
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6.1.3 Example 3: BCA beam conditioned under load 
Chana et ala.-91• have tested beams which had constant load applied throughout the period 
in which AAR developed. Horizontal expansions along the top of the beam and elsewhere 
were measured. The data on horizontal expansions along the top of the beam are 
particularly useful for verifying the nwnerical model as they provide data on the relationship 
between expansion and stress. The details of the beam are shown in Fig. 6.16. The 
parameters used in the analysis are given in Table 6.2. 
T bl 6 2 P a e . arame ers use m e lYSIS 0 t d. th anal . fbe ams test >Y edb Ch ana et al. 
Concrete: 
Compressive strength 40N/mm2 
Tensile strength 3.0N/mm2 
Elastic modulus 30kN/mm2 
Poisson's ratio 0.15 
Fracture energy 0.05N/m 
illtimate crushing strain 0.0035 
Reinforcement: 
Yield stress 400N/mm2 
Elastic modulus 200kN/mm2 
Hardening factor 0 
In the analysis, the maximwn free expansion was specified as 5 mm/m. The increment of 
free expansion used was 0.02 mm/m per step. The tolerances used were 1.0, 0.1 and 50 N 
for convergence criteria Eq. 5.82, Eq. 5.81 and Eq. 5.83 respectively. 
Fig. 6.17 shows the analytical and experimental expansions. The value of free expansion 
was estimateda.-91• to be between 3 mm/m to 4 mm/m. The analytical expansion curves in 
the figure correspond to free expansions of 3, 4 and 5 mm/m. General agreement can be 
seen from Fig. 6.17. 
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6.1.4 Comments on expansion analyses 
The following conclusions can be made from the expansion analyses described in Chapter 3 
and in the previous sections of this Chapter. 
a) The model for AAR expansion has been tested using a variety of reinforced concrete 
specimens and members and has been shown to be able to predict, closely, the general trend 
and values of expansion measured on laboratory tested members with AAR. 
b) The close correlation between the predicted stress distributions and the surface crack 
patterns on singly reinforced beams tested by Cope et al, conditioned with and without 
loading, suggests that the predicted stresses are reasonably realistic. 
c) The predictions using the linear finite element program are almost identical to those 
obtained from the non-linear program. This has been demonstrated in Fig. 6.3 and also in 
Chapter 3, where analyses using different values of Young's moduli are compared. 'This 
implies that the Young's modulus of the concrete has very limited influence on the final 
expansion of the affected members. 
d) The expansion analysis is intended to predict the average expansions within concrete 
members. When numerical predictions are to be compared with experimentally measured 
expansions it has to be borne in mind that the experimental expansion measurements are 
usually taken on the surface of members, that the strain may vary over thickness, and that 
surface strains are not continuous. For example, based on the experimental observations, the 
individual strain measurements on the surface of the specimens were influenced by the 
position of surface cracks: if a major crack appears within a gauge length then the 
measurement will be much higher than that in a similar position on the same specimen but 
with no major cracks appearing within that gauge length. Therefore, it is not realistic, or 
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generally possible, to obtain accurate predictions of strains at any particular point. 
6.2 LOAD TEST ANALYSES 
The non-linear finite element program incorporating the material models for AAR affected 
concrete allows the post-AAR behaviour of the affected members under subsequently 
applied loading to be analysed. The program has been examined by comparing the nwnerical 
predictions with test results of a number of laboratory tested members. Some examples are 
presented in the following sections. 
6.2.1 Example 4: Eccentrically loaded column 
To investigate compression type failures of over-reinforced concrete members, Chana et 
al011111•91 • have tested a number of columns under eccentric compressive load. The tests were 
on columns with and without AAR, and with and without links. Some of the columns were 
conditioned under an applied eccentric load. The magnitude of this load was 75 kN, which 
was intended to simulate the dead load of the structure (about 15% of the ultimate strength 
of the column). All the columns with AAR were tested at a 'high' free expansion level, about 
3 to 4 mm/m. In this section, analyses of the columns without links are presented and 
compared with findings from tests. The columns analysed include a control column and two 
reactive columns; one of which was conditioned under loading. 
1be main experimental findings were: 
a) In general, AAR leads to a small reduction in the load capacity of a column. 
b) The effect of loading during conditioning on the failure load was significant. The columns 
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which were not conditioned under load cracked to a greater extent due to AAR expansion 
within the potential compression zone and failed at a lower load compared to the colunms 
conditioned under load. 
Fig. 6.18 shows details of the columns tested by Chana et al. The finite element 
representation representing the colwnns is shown in Fig. 6.19. The material parameters used 
in the analysis are given in Table 6.3. 
A non-linear analysis of the control column was carried out, with concrete unaffected by 
AAR. Load control was adopted for the analysis. The analysis of the reactive column 
conditioned without loading was carried out in two stages: the expansion analysis and the 
post-AAR analysis. The analysis of the reactive column conditioned under loading was 
carried out in three stages: the pre-AAR analysis under the applied load, expansion analysis 
and post-AAR analysis. In the expansion analyses of the colwnns both with and without 
loading during conditioning, the increment of free expansion used was 0.025 nun/m per step 
and the expansion analysis was conducted in 200 steps. In the expansion analysis of the 
column conditioned without loading, convergence was controlled by the maximum nonn 
criterion, Eq. 5.83, and the displacement criterion, Eq. 5.81. The tolerances used were, 
respectively, 50 Nand 0.1 %. In all other stages of the analyses, the unbalanced nodal force 
convergence criterion, Eq. 5.82, was also used in the control of the analytical procedure. 
To avoid local crushing of the concrete at the loading point due to the concentrated load, 
the loading platen was included in the analyses. The interface between the platen and the 
column was modelled by the interface element described in Sections 5.3.3 and 5.4.3. In the 
analyses, concrete was represented by 8-node rectangular elements and 6-node triangular 
elements. The quadrature rules used were 9-point and 7 -point rules for rectangular and 
triangular elements respectively. 
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Figs. 6.20 and 6.21 show the deformations, the cracks caused by tensile stress in the 
concrete and the reinforcement stresses of the reactive colunms conditioned with and 
without loading when the free expansion reached a value of 3.5 nun/m. The deformations 
shown in these figures have been amplified by a factor of 10. 
Fig. 6.22 compares the predicted load-deformation curves of the colunms. The 
deformations are the movement at the point of, and in the direction of, the loading. 
T bl 6 3 P a e . arameters use m e an 1YS1S o e co umns teste >Y ana d. th al . fth 1 db Ch et al 
Concrete: 
Compressive strength 50N/mm2 
Tensile strength 5.0N/nun2 
Elastic modulus 35 k:N/nun2 
Poisson's ratio 0.2 
Fracture energy 0.1 N/m 
Ultimate crushing strain 0.0035 
Reinforcement: 
Yield stress 400N/nun2 
Elastic modulus 210k:N/mm2 
llardeningfactor 0 
Comments on the analyses: 
a) There are no load-deformation curves available from the tests for comparison with the 
analytical curves shown in Fig. 6.22. Comparisons can, however, be made with other data 
provided. 
The analytical results agree with the test observations in that the applied load during 
conditioning has a significant influence on the expansion. This is shown in Figs. 6.20 and 
6.21, by the different shapes of the colunms at a free expansion of 3.5 mm/m. The 
magnitudes of the longitudinal movement at the point of loading can be observed from Fig. 
6 .22. In the figure, curve OEF is for the column conditioned without loading with line OE 
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representing the elongation of the column due to AAR. Curve OBCD is for the column 
conditioned with load, with line BC representing the expansion due to AAR. The predicted 
expansions along the loading line are 0.25 nun/m and 3.1 nun/m for, respectively, the 
columns with and without loading during conditioning at free expansion of 3.5 nun/m. The 
corresponding values obtained from tests were 0.4 and 2.8 nun/m respectively. The free 
expansion of 3.5 nun/m is the estimated average value according to the test report. 
b) The trend in the predicted load capacity of the columns follows that of the laboratory 
fmdings. The AAR reduced the load capacity of the columns and the reduction was less for 
the column conditioned under load. The predicted failure of the columns is triggered by 
crushing of the surface inner corner concrete. Fig. 6.23, in which the circles represent a 
crushed sampling points, shows the predicted structural condition at failure. The predicted 
mode of failure matches that of the experimental failure, as reported by Chana, and shown 
in Fig. 6.24. 
c) The predicted reductions of the load capacities for the columns conditioned with and 
without load were 10% and 12% respectively, while the corresponding values from the tests 
were 16% and 30%. The reason for the higher predicted load capacity may be due to over 
estimation of the concrete strength after peak stress. As has been mentioned in Chapter 4, 
there are insufficient data available on the behaviour of concrete with AAR after peak 
stress. It has been assumed in the analyses that, under monotonic loading, the concrete 
retains its peak compressive stress until it is crushed. In order to model members failing in 
compression it may be necessary to adopt a more sophisticated model for the behaviour of 
concrete with AAR after peak stress. To do this more data are required. Since the failure 
was due to crushing of the inner corner concrete, a possible reason for the greater reduction 
in the capacity of the column conditioned without load could be that AAR had induced 
further damage in the concrete surrounding the inner corner by generating type one tensile 
cracks. Although these were predicted, Fig. 6.21, any consequent reduction of compressive 
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strength was not included in the analysis. 
6.2.2 Example 5: Beam tested for shear strength 
Cope et a1Cope92 have investigated the effect of AAR on the shear strength of singly 
reinforced beams. The variables examined in the tests included concrete with and without 
AAR, the effect of loading during conditioning, shear span to effective depth ratio, 
anchorage type and length, position of reinforcing bar during casting and size effects. 
During the load tests, the tensile cracks in the tension zone due to the load appeared at a 
higher load level for beams with AAR than those in similar control beams and the failure of 
the reactive beams tended to be more ductile. In this section, a control beam, llB, was 
analysed and then reanalysed assuming that the beam had been subjected to a free expansion 
of 3 nun/m, to examine the effects of AAR. The assumed reactive beam is similar to some 
of the reactive beams tested. 
The geometry and reinforcement details are shown in Fig. 6.1 . Fig. 6.25(a) shows the finite 
element mesh used for the beam. The input data for the analyses are given in Table 6.4. 
In the expansion analysis, the increment of free expansion used was 0.025 nun/m. The final 
free expansion was 3 mm/m. The post-AAR analysis was carried out using displacement 
control, by controlling the increment of the deflection at the loading point. The analytical 
procedure was also controlled by the maximum allowed increment of tensile strain. The 
maximum allowed increment of tensile strain in the concrete at the beginning of each 
incremental step was 0.02 rrun/m. 
Figs. 6.25(b), (c) and (d) show the predicted initial cracking, formation of the major shear 
crack band and the crack pattern before failure of a beam without AAR. The predicted load-
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deflection curve is given in Fig. 6.27, curve OA. (The deflection was measured at the soffit 
beneath the load point). 
Figs. 6.26(a) and (b) show the deformation and the tensile cracks due to AAR expansion at 
a free expansion of3 nun/m. The deformation shown in Fig. 6.26(a) has been ampl.ified by a 
factor of 5. Figs. 6.26(c) shows the predicted first appearance of tensile cracks in the 
tension zone due to the external load. Fig. 6.26(d) shows the predicted crack pattern before 
failure. The predicted load-deflection curve for the reactive beam is shown in Fig. 6.27, line 
OBC. Line OB represents the hogging of the beam from the start of the expansion to a free 
expansion of 3 mm/m. Line BC represents the response under increasing external load. In 
order to compare the deflections of the beams which occurred during the load testing, curve 
BC has been re-plotted from the origin, shown in the figure as the curve B'C'. The stresses 
induced by AAR expansion in the reactive beam are similar to those shown in Fig. 6.4. 
Table 6.4 Input data for the analysis of beam 11B. 
Concrete: 
Compressive strength 46 N/nun2 
Tensile strength 4.1 N/nun2 
Elastic modulus 38.62 kN/nun2 
Poisson's ratio 0.2 
Fracture energy 0.1 N/m 
illtimate crushing strain 0.0035 
Reinforcement: 
Yield stress 320N/nun2 
Elastic modulus 210kN/nun2 
Hardening factor 0 
Comments on the analyses: 
a) The predicted failure load for beam 11B, normal concrete, was 69 kN compared with the 
test value of 70 kN. The predicted mode of failure was a brittle shear mode, with a major 
shear crack in the shear span, Figs. 6.27 and 6.25(d). The predicted incipient failure mode 
matches that observed in the tests. 
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b) It can be seen, from Fig. 6.27, that the predicted mode of failure changes from a brittle 
shear mode to a more ductile flexural mode due to the AAR expansion. This is in agreement 
with the observations from tests on similar beams. 
The change of failure mode is also shown by the change of predicted crack patterns, Figs. 
6.25(d) and 6.26(d). Using the smeared crack model, formation of the major shear crack is 
represented by a band of smeared cracks as shown in Fig. 6.25 (c) and (d). 
c) Reduction of the predicted load capacity due to AAR was not significant. The failure 
load for the control beam was 69 kN, while that for the reactive beam was 67 kN. This is in 
general agreement with test results. 
d) The predicted first tensile cracks to appear in the tension zone did not develop from the 
soffit, Fig. 6.26(c), for the beam with AAR as they usually do for concrete beams, Fig. 
6.25(b). This is due to the highly non-linear distribution of induced compressive stresses 
near the soffit, Fig. 6.4. 
6.2.3 Example 6: Danish beams 
Bach et al BoocJm have reported tests on beams without shear reinforcement (within the shear 
span) to investigate the effect of AAR on the shear capacity of such beams with very well 
anchored tensile reinforcement. These beams were also reinforced such that the shear failure 
occurred at a load when the reinforcement was at only a low stress level. They found that 
AAR increased the shear capacity of the beams tested from 55 kN to 130 kN, despite the 
concrete compressive and tensile strengths being reduced due to the AAR. Two of the 
beams in the tests have been analysed and the results are presented in this section. These are 
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a control beam, AO, and a reactive beam, Al2. 
Details of the beams are shown in Fig. 6.28. The longitudinal reinforcement was cold-drawn 
steel with a nominal yield stress of 560 N/nun2• The shear span to total depth ratio was 2.5. 
The beams were provided with long anchorage zones for the longitudinal reinforcement and 
also with stirrups outside the shear spans. The input data for the analyses are given in Table 
6.5. The load deflection curves for the beams obtained in the tests are given in Fig. 6.29. 
Fig. 6.30(a) shows the finite element mesh used for the beams. The maximum free 
expansion for the reactive beam was assumed to be 5 mm/m. The increment of the free 
expansion was 0.02 mm/m per step in the expansion analysis. Load control was used in both 
the analysis of the control beam and the post-AAR analysis of the reactive beam. In these 
analyses, the load increment was also controlled by the maximum allowed increment in 
tensile strain in the concrete. The value used for the allowed maximwn strain was 0.02 
nun/m per step. Bond interface elements were used between the main tensile reinforcement 
elements and concrete elements. 
Two analyses were carried out for the reactive beam using different properties of bond 
element. In one analysis, the values of the tangential and normal stiffness, ~ and Rn, and the 
bond strength, <Ju, were set to be very high, with ~=9999 N/nun3, ~=9999 N/nun3 and 
qu=9999 N/mm2• In effect, perfect bond between the reinforcement and concrete had been 
assumed in this analysis. In another analysis, the bond properties are assumed to be: ~=100 
N/nun3; ~=9999 N/nun3 and qu=5 N/nun2• The choices of the bond properties in this 
example were arbitrary, because no data is available for the local bond properties of AAR 
affected concrete. The properties used, however, are similar to that for deformed bars in 
normal concrete. Fig. 6.32 shows the analytical bond distributions when the free expansion 
is 5 mm/m, and Fig. 6.33 shows the distributions when the beams is at ultimate load. Fig. 
6.34 shows load-deflection curves of the analyses using the different bond properties. The 
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two curves are almost identical. 1bis is considered due to the fact that, since the beams have 
long anchorage zones, there was no anchorage bond slip occurred in-between the supports 
the beams, the differences in the bond properties, therefore, do not have significant 
influence on the overall performance of the beams. In the following, only the results from 
the analysis assuming perfect bond are presented. 
Fig. 6.30(b) shows the predicted deformation of the beam, conditioned without load, 
subjected to AAR with a free expansion of 5 mm/m. The deformation has been amplified by 
a factor of 5. The predicted stresses induced in the concrete and reinforcement at a free 
expansion of 5 rmn/m are shown in Figs. 6.31(a) to (c). Comparison of the predicted crack 
pattern of the beams with and without AAR at a load near the failure load is shown in Fig. 
6.35. The failure modes of the beams are shown in Fig. 6.36. 
T bl 6 5 In d £ th a1 a e . tput ata or e an Lyses o fthe be am teste 'Y ac db B het al. 
Concrete: 
Compressive strength 45N/mm2 
Tensile strength 2.5 N/mm2 
Elastic modulus 40kN/mm2 
Poisson's ratio 0.2 
Fracture energy 0.1 N/rn 
illtirnate crushing strain 0.0035 
Reinforcement: 
Yield stress (main bar) 560N/mm2 
Yield stress (stirrups) 400N/mm2 
Elastic modulus 200kN/mm2 
Hardening factor 0 
Comments on the analyses. 
a) The predicted failure mode of the control beam was brittle shear with a major shear crack 
band in the shear span, Fig. 6.35(b ). This is in agreement with the mode of failure observed 
from the tests, Fig. 6.36 beam AO. The predicted failure load was, however, higher than the 
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experimental value. The predicted failure load was 68.7 kN while the experimental value 
was 54 kN. There are several possible reasons for this. Some of the data on material 
properties required for the analysis were not available and were therefore estimated. There 
is usually considerable scatter of experimental results for the shear mode of failure. 
b) In Fig. 6.29, line OB represents the predicted hogging of the reactive beam, which was 
conditioned without loading. Line BC is the load-deflection curve from the analysis of load 
testing after the free expansion had reached to 5 mm/m. Curve OA is the predicted curve 
for the control beam. The corresponding curves from the tests are compared with the 
predicted curves in the figure. It can be seen that the predicted load-deflection curves are in 
general agreement with the test data. 
c) The crack pattern shown in Fig. 6.36, beam AS, which is similar to beam Al2, suggests 
that the beam affected by AAR also failed in a shear mode but with the major diagonal 
crack forming further away from the support than the one in the control beam AO. Between 
the lower end of the major diagonal crack and the support there are a series of short shear 
cracks which formed a short distance away from the soffit and were aligned parallel to the 
soffit. The crack pattern seems to have been correctly reflected in the analysis, Fig. 6.35(a). 
d) The crack pattern described in paragraph c) above can be related to the stress 
distributions, shown in Fig. 6.31, induced by AAR expansion. The compressive stresses 
induced in the concrete in the bottom of the member inhibit the tensile cracks occurring 
within a distance from the support, assuming that no bond slip occurs. Further away from 
the support, the tensile cracking is delayed by the induced compressive stress. This delays 
the formation of the critical diagonal crack and forces the position of the crack away from 
the support. The series of short cracks inbetween the lower end of the critical diagonal 
crack and the support, Fig. 6.36 beam AS, may have been due to the combination of the 
horizontal compressive stress induced by AAR and the shear stress. However, they may 
209 
indicate local bond failure, which was not modelled in the analysis. 
e) According to the analysis, when the control beam failed in shear, the maximum stress in 
the longitudinal reinforcement was only 270 N/nun2, which was less than half of the yield 
stress of the cold-drawn steel. For the reactive beam, the maximum predicted stress in the 
reinforcement was 540 N/nun2, which was approximately the value of the yield stress, 560 
N/nun2, when the beam failed. The strength of the reinforcement was, therefore, fully 
exploited in the reactive beam. This was due to the prevention of the 'premature' shear 
failure by the induced compressive stress. 
6.2.4 Discussion 
The agreement between the results from the analyses and tests are generally good. 
The examples presented demonstrate and test the method. The comparison of the predicted 
load capacities of the columns with test results showed that the numerical approach was 
able to predict the influence of AAR on the load capacity. However, it also suggests that the 
behaviour of concrete affected by AAR at high compressive strain needs further 
investigation. 
The tests on beams demonstrated that the effect of AAR on structural performance of 
reinforced concrete members cannot be easily generalised. Its effects depend on the details 
of individual members and the loading regime during the expansion period. AAR did not 
affect the capacity of the singly reinforced beams tested by Cope et al while it more than 
doubled the capacity of the beams tested by Bach et al. The numerical approach has been 
shown to be able to predict the influence of AAR in both cases. Analyses of the beams 
tested by Bach et al showed that the predicted crack patterns were similar to the test results. 
210 
6.3 NUMERICAL STUDIES 
6.3.1 Outline of the studies 
A series of numerical studies has been conducted on the beam shown in Fig. 6.37 in order to 
investigate systematically the effects of AAR. The beam has the same cross section 
dimensions and the same reinforcement details as the beam described in the section 6.2.2 
(beam llB) but is of shorter length. The topics investigated in the studies were the influence 
of AAR expansion on the load-deflection response, and the effects of AAR on the flexural 
and shear capacity of singly reinforced beams. Symmetric loading was applied during both 
conditioning and the load test after a pre-specified free expansion had been reached. The 
load applied during conditioning was 30% of the capacity of the control beam. 
Figs. 6.38 and 6.39 show the principal stress contours and stress vectors in the concrete, 
and reinforcement stresses for the reactive beams conditioned without and with loads at free 
expansion of 5 mm/m. The corresponding deformations and type one tensile crack patterns 
are shown in Figs. 6.40 and 6.41. The deformations shown in the figures have been 
exaggerated by a factor of 10 to demonstrate the influence of the applied load. 
Figs. 6.42 and 6.43 compare the load-deflection curves at free expansions of 0, 1, 3, and 5 
mm/m. The deflections shown in Fig. 6.42 were predicted at the soffit of the mid-span 
section of the beam while those in Fig. 6.43 were predicted on the top of the same section. 
Fig. 6.44 compares load-deflection curves for the beams conditioned with and without load. 
Fig. 6.45 shows the deflection-free expansion relationships for beams with and without load 
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during conditioning. 
Fig. 6.46 shows the development of strain distributions during the load testing for three 
cases: (a) the normal concrete beam, (b) the reactive beam without loading during 
conditioning and (c) the reactive beam under load during conditioning. It should be noted 
that because of the existence of tensile cracks, the shape of strain distribution curve will 
depend on the position where the strains are sampled. The strain distributions shown in Fig. 
6 .46 were based on the average horizontal strain over the middle portion of the beam, in 
between the loads. 
Figs. 6.47 (a), (b) and (c) show the variation of the elastic modulus of concrete within the 
beam conditioned under load at free expansions of 1, 3 and 5 nun/m. 
Fig. 6.48 to 6.50 show, respectively, the stresses in the control beam, in the reactive beam 
conditioned without loading and in the reactive beam conditioned under load as the beams 
approached failure. Fig. 6.51 compares the cracked points of the beams corresponding to 
the stresses shown in Figs. 6.48 to 6.50. 
6.3.2 Comments on the results of the numerical studies 
a) For the reactive beam conditioned under load, AAR expansion caused further deflection 
in the direction of the applied load, Fig. 6.41(a), Figs. 6.42 to 6.45. The rate of change of 
deflection, however, reduced with increasing free expansion, Fig. 6.45, due to the increasing 
horizontal compressive stress induced in the bottom of the beam. The deflection measured 
at the soffit stopped increasing at a free expansion of 4 mm/m, while the deflection 
measured on the top stopped increasing at a free expansion of 1.5 mm/m and then reduced 
due to the continuing vertical expansion, Fig. 6.45. 
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For the beam conditioned without load, the rate of change of deflection (hogging) with 
respect to the free expansion was relatively low at the beginning of the AAR expansion. The 
rate then increased at free expansions greater than 0.5 nun/m due to the occurrence of 
tensile cracks along the top of the beam, Figs. 6.45 and 6.40(b ). 
b) The load applied during the conditioning had a significant effect on the tangential 
stiffness of the member. Fig. 6.44 shows that the beam conditioned without load had a 
much lower stiffness than the stiffness of the beam conditioned with load. 
c) The bending stiffness of a section is influenced by the cracking and the reduction of 
elastic modulus of the concrete. This can be seen in Fig. 6.46 in which the average 
horizontal strain distributions over the central part of the beams are compared. The change 
of the slopes of the strain distribution curves for a given load increment indicates the 
different bending stiffness of the section. 
Fig. 6.46(a) shows the strain distributions for the normal concrete beam. After cracking · 
occurred at a load factor of 2, the neutral axis moved upwards and then stopped. After 
cracking, about two thirds of the deformation is caused by the widening of the cracks. The 
bending stiffness of the section drops to about one third of its initial value 
In the case of the reactive beam conditioned without load, Fig. 6.46(b), the induced 
compressive stress in the potential tension zone delays the formation of cracking. The 
existence of the induced compressive stress in the potential tension zone, therefore, 
enhances the bending stiffness of the section. The elastic modulus in the compression zone, 
however, reduces sharply. In this example it dropped to about one third of its original value, 
Fig. 6.5. The combination of the induced stress in the concrete in the tension zone and the 
reduction of elastic modulus of the concrete resulted in, compared to the cracked section of 
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the normal concrete beam, Fig. 6.46(a), a relatively large compressive strain on the top and 
a relatively smaller tensile strain in the reinforcement. The overall effect, in this particular 
example, is that the section bending stiffness did not change significantly due to the AAR. 
The load-deflection curve of the reactive beam conditioned without load appears similar to 
that of the normal concrete beam, Figs. 6.42 and 6.44. 
The elastic modulus of the concrete in the compression zone in the beam conditioned under 
load reduced less than that in the beam conditioned without load because of the reduced 
expansion in that area. This can be seen by comparing theE values shown in Fig. 6.47(c) 
with the E values shown in Fig. 6.5 for the beam conditioned without load. The 
compressive stress built up by the AAR expansion has the effect of increasing the load 
required to initiate cracking. The overall effect is that the section bending stiffness of the 
beam conditioned under load is higher than either the cracked section of the normal 
concrete beam, Fig. 6.46(a) or the reactive beam conditioned without loading, Fig. 6.46(b). 
The higher section bending stiffness is also reflected by the stiffer load-deflection response 
shown in Figs. 6.42 and 6.44. 
The higher stiffness of the AAR affected concrete beams compared to normal concrete 
beam in the intennediate load range has been reported by some investigators. For example, 
Fujii et a1Poajil6 have reported experimental tests on beams with and without AAR. The load-
deflection curves given in their report, Fig. 2.33, show that the AAR affected beams were 
stiffer than comparable normal concrete beams. The beams they tested had reinforcement in 
both the tension and compression zones. The reinforcement in the compression zone has a 
similar restraint effect on the expansion in the compression zone as that due to the applied 
load on the beam analysed in this section. It should be noted that the reported Young's 
modulus of the AAR affected concrete was only 10 kN/nun2 while that of the normal 
concrete was 30 kN/nun2• 
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d) It can be inferred from the strain distributions shown in Fig. 6.46, that the change of 
stress in the tension reinforcement, for a given load increment, will be less for an AAR 
affected beam, Fig. 6.46(c), than for a normal concrete beam, Fig. 6.46(a). 
Similar observations have been reported by Fujii et alFujiS6 in their fatigue tests on beams 
both with and without AAR. In these tests, the strains in the reinforcement in the beams 
under repeated loading were recorded using electrical strain gauges. It was reported that the 
variation of the strain in the reinforcement under a given load increment was less for AAR 
affected beams than for normal concrete beams due to the stress induced in the concrete by 
AAR expansion. Since, in these fatigue tests, both beams with and without AAR failed by 
the fracture of the main tensile reinforcement, the number of cycles to failure of the AAR 
affected beam was greater than that of the beams without AAR. 
e) The enhancement of the section stiffness due to the compressive stress induced in the 
potential tension zone appears to depends on the distribution as well as on its magnitude. 
The induced compressive stress distribution in the beam conditioned without load is a 
triangular-like shape, Fig. 6.4, while that in the central section of the beam conditioned 
under load is a more rectangular-like shape, Fig. 6.39(a). The analyses showed that tensile 
cracking in the beam with a rectangular induced stress distribution propagated more slowly 
than one in a beam with a triangular induced stress distribution, for a given load increment. 
f) The initial position of the neutral axis in the central section of the beam conditioned 
without loading, Fig. 6.46(b) is lower than that of the uncracked section of the normal 
concrete beam, Fig. 6.46(a). This is due to the variations in the elastic modulus of the 
concrete, Fig. 6.5. 
For the beam conditioned under load, the elastic modulus of the concrete in the central part 
of the beam varies to a lesser extent through the section, Figs. 6.47(c). The change of the 
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initial position of the neutral axis due to the change of elastic modulus in this case is less 
noticeable, Figs. 6.46(a) and (c). 
From c) and d), it is considered that using a variable elastic modulus in the analysis is 
appropriate. For example, if the original elastic modulus of the concrete were used for the 
whole beam then it will obviously result in an overestimate of the stiffness of the concrete, 
especially in the potential compression zone. If the lowest value of the elastic modulus of 
the top concrete is adopted, the stress induced in the concrete in the tension zone will be 
underestimated. 
g) The load capacity of the beams conditioned under load does not seem to be influenced by 
the levels of free expansion in the range 1 nun/m to 5 mm/m, Fig. 6.42. This is because the 
beams with free expansions in this range failed due to the yielding of the reinforcement. In 
under-reinforced beams, this type of failure is relatively insensitive to the compressive 
strength of concrete. Furthermore, the strength of the concrete in the compression zone did 
not change significantly due to the free expansions, because the expansion in this area is 
generally inhibited by the applied load during conditioning. For beams conditioned without 
load, however, the load capacity is reduced due to the reduced concrete strength in the 
compression zone, Fig. 6.44. 
The load capacity of the control beam, which failed in a brittle shear mode, is almost the 
same as that of the beams with AAR conditioned with load, which failed in a ductile 
bending mode, Fig. 6.42. This is because, when the brittle failure occurred, the 
reinforcement in the central part of the beam was just below the yield stress, Fig. 6.48(c). 
The similarity between the load capacity of the normal concrete beam and the reactive beam 
conditioned under load is coincidental. As has been shown in Section 6.2.3, if the steel has a 
high yield stress, the load capacity of the beams with AAR conditioned under load may be 
notably higher than that of a normal concrete beam. 
216 
h) Figs. 6.48 to 6.50 and Fig. 6.51 show the influence of AAR and the loading during 
conditioning on the stress and crack patterns of the beams. The control beam failed in a 
typical shear mode, with a major crack from the support to the point of loading, 
approximately. The failure mode of the reactive beam conditioned without loading was 
similar to that of a normal prestressed beam. This mode was characterised by the critical 
diagonal crack forming further away from the support than that in a normal concrete beam. 
Web shear cracks, which also sometimes appear in prestressed beams, were also predicted 
by the analysis to occur inbetween the lower end of the critical diagonal crack and the 
support, Fig. 6.51(b). It should be noted that this type of crack pattern is very similar to that 
of the beam tested by Bach et al, Fig. 6.36 beam A5. The reactive beam conditioned under 
load failed in bending with a major vertical crack appearing in the centre of the beam, Fig. 
6.51(c). The mode of failure of the beam conditioned under load did not change with levels 
of free expansion in the range from 1 mm/m to 5 mm/m, Fig. 6.42. 
i) Because the beam conditioned under load behaves nearly elastically, up to a fairly high 
load level (about 80 % of the failure load), Fig. 6.42, it would appear that an elastic model 
could be used to examine structural response of the beam after AAR occurs. Indeed, some 
tests on mature AAR affected structures, e.g. the site load tests on a South African frame, 
conducted by Bligh~u,83 and Alexande~, suggest that the frame behaved elastically, Fig. 
2.35. The prediction by Alexander et al using an elastic finite element method with concrete 
properties obtained from the cores is fairly close to the real behaviour of the frame although 
the predicted stiffness was lower than that measured in the tested frame, Fig. 2.35. 
Fig. 6.42, however, suggests that the applicability of elastic approach depends on the level 
of e""pansion. For example, the load-deflection relationship for a free expansion of 1 mm/m 
is less linear than the relationship for a free expansion of 3 or 5 mm/m. 
217 
j) It has been reported by many investigators that the properties obtained from cores often 
present a pessimistic view when compared with the performance of the structure, from 
which the cores were drilled Hobb88. In the case of the frame tested by Blight et al, for 
example, the elastic modulus obtained from cores was 18 kN/mm2 while the value deduced 
from the results of full scale site tests, assuming elastic behaviour, was 24 kN/mm2• 
The reasons for the inconsistency between the properties of the core and the performance of 
the structure are likely to be complex. These may include, for example, the direction of the 
axis of the core inside the structure, the destruction of the connection of the core with 
surrounding concrete and the method of testing. Another possible reason for the under 
estimation of the properties of the concrete by core testing is that the cores are usually 
taken from the less stressed regions, in less stressed directions and away from 
reinforcement, where the concrete is likely to be less affected AAR. 
Figures such as Fig. 6.47 may be useful to engineers who are conducting site investigations 
of AAR affected concrete structures. By knowing the possible effect of AAR on properties, 
the engineer may be able to determine more efficiently the positions of sampling and the 
number of cores required to produce useful information. 
· 6.3.3 Discussion 
In this section some examples of numerical parametric studies using the non-linear finite 
element program have been presented. Many features predicted from the numerical studies 
have been found from the laboratory and field investigations. These include, for example, 
the higher bending stiffness of the cross section of AAR affected beams; the smaller increase 
in stress in the reinforcement of AAR affected beams for a given load increment; the change 
of cracking load and the change of cracking position; the influence of loading during the 
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expansion process on the expansion and post-AAR behaviour of the member. The 'unusual' 
behaviour of the AAR affected members is mainly due to the highly variable expansion 
distributions and stresses induced in concrete and reinforcement. The variable deterioration 
of material properties also contributes to the behaviour of the affected members. The non-
linear analysis, including the models for AAR expansion and material deterioration, is able 
to provide some of the reasons behind the behaviour of the affected members. 
It is found that the influence of AAR on the performance of affected members cannot be 
generalised, even for a given type of member. Tills is because the influence of AAR depends 
not only on the geometry and reinforcement details, but also on the loading history, due to 
the fact that the expansion is stress dependent. 
There are many uncertainties connected with the analysis of an AAR affected structures. 
For example, the level of expansion of an in-situ affected structure cannot be generally 
estimated accurately using the currently available techniques; the stress-expansion 
relationship may not be accurately known for a particular concrete; the loading history of an 
affected structure may not be exactly known. In these circumstances, the non-linear 
program can be used to carry out a series of parametric studies, to help investigators 
identify those parameters which are important in the assessment and to identify the 
structural situations that may require particular attention. 
The numerical study suggests that it is appropriate to use variable material properties for 
concrete affected by AAR in the appraisal of structural members. 
AAR is a long term process. Tests on reinforced concrete members, even in an accelerated 
conditioning environment, take months or years to complete. It is necessary to get as much 
information as possible from the tests. The numerical study suggests that a numerical 
approach may be of help in this aspect, by identifying possible key information that can be 
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obtained from the tests. 
6.4 CONCLUSIONS 
In this Chapter, examples of the analytical predictions of the expansion and structural 
performance of some laboratory tested members have been presented. Examples of 
numerical studies have also been described 
Expansion analyses: 
In Chapter 3, the expansion model has been examined by comparing expansions recorded 
from tests and those predicted using the closed form solution and linear finite element 
program. In this chapter, the model is further examined by comparing the analytical 
expansions using the non-linear finite element program with experimental results. The 
comparisons in both chapters show that the expansion model is reasonably accurate. In 
particular, the highly variable expansion distributions of beams conditioned under 
concentrated load tested by Chana01ao•9'•, Fig. 6.17, have been reasonably predicted. In 
Section 6.2, the effect of loading on the column expansion has also been correctly predicted. 
The predicted expansions of the beam tested by Cope et a1Cope92 using linear and non-linear 
program have also compared. The predictions using the different methods are nearly 
identical, Fig. 6.3. The reasons for the insensitivity of the expansion analyses have been 
discussed in Section 3.3.4. It seems that, for the expansion analysis, a linear analysis can 
produce reasonable predictions. 
The correlation between the predicted stress distribution and the surface crack pattern for 
beams conditioned with and without loading are shown in Section 6.1.2. 
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Load test analyses: 
In Section 6.2, examples of the analyses for the structural performance of AAR affected 
members have been presented. The predictions from the analyses have been compared with 
test results. The predicted load-deflection curves for the beams tested by Bach et al. 
correlate closely with the curves from the tests. For some of the examples, the load-
deflection responses were not available and, therefore, the comparisons of this aspect can 
not be made for these members. The analyses, however, were able to predict the phenomena 
that have been observed and described in the relevant reports. The effect of AAR on the 
shear performance of beams without shear reinforcement has also been discussed using the 
example of the beam tested by Bach et al. 
The test results for columns reported by Chana et al suggested that load acting during the 
reaction could have significant influence on the load capacities of columns. Although the 
analysis was able to predict expansions of the columns closely and was able to predict the 
trend of the capacity reduction of the columns, the analysis tends to overestimate their load 
capacity. This is probably due to the inaccurate constitutive model for concrete in 
compression as the concrete approaches failure. It is also considered that the tensile cracks 
induced in the corner of the column conditioned unloaded may also contribute to the 
reduction of the load capacity. 
Numerical studies: 
In section 6.3, numerical studies on the beams similar to those tested by Cope et a1 have 
been presented. 
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As noted before, the constitutive models for AAR affected concrete employed in the present 
program are based on data from a limited number of tests, some assumptions have had to be 
made to allow the analyses to be carried out. Further data on the effect of expansion on 
material properties are required to improve the approach. However, based on the 
comparisons between the numerical predictions and tests described in this chapter, it is 
considered that the program, in its present form, is able to predict the main features of AAR 
affected members to a reasonable accuracy. 
The features found in the numerical study have been shown to agree, qualitatively, with the 
those observed in site as well as laboratory tested concrete. 
The effects of the combination of the induced stress and the reduction of elastic modulus of 
concrete on the section bending stiffness and strength have been studied. The nwnerical 
studies also suggest that the effect of AAR on the shear performance of singly reinforced 
beams can be affected significantly by load applied during the conditioning period. It may, 
therefore, be appropriate to consider the loading situation when conducting experimental 
tests and the appraisal of AAR affected structures. 
The numerical study revealed that the variation of material properties, particularly the 
elastic modulus, has a significant influence on the structural performance of beams. It is 
therefore considered to be appropriate to include the variation in the analysis and appraisal 
of reinforced concrete structures affected by AAR. The numerical approach proposed may 
be used to estimate the changes in the material properties in such structures. 
The expansion analysis is based on a pre-specified free expansion and stress-expansion 
relationship. Comparative studies of the numerical predicLons with members tested in the 
laboratory show that once the free expansion and the stress-expansion relationship is 
known, the variable expansion within the member can be accurately predicted. The 
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expansion analysis approach has also been tested on specimens and members from various 
sources, including tests carried out in different countries, using similar stress-expansion 
relationships, and the agreement is generally good. This suggests that the stress-expansion 
relationship for AAR affected concrete does not vary significantly from concrete to 
concrete. 
Some tests on stress-residual expansion relationships of site concrete, from affected 
concrete structures, suggested that the relationships are similar to those obtained from 
concrete tested in the laboratory, e.g. Alexander 1992. It seems possible that the proposed 
expansion model could be used for site concrete and realistic predictions of expansion 
within the structure could be obtained. 
The program is for a two dimensional plane stress analysis and, therefore, the difference 
between the surface concrete and that inside the member has been ignored. The reasons that 
the two dimensional model can generate reasonable results is considered to be because the 
AAR occurs from within the concrete and the inside concrete of the analysed reinforced 
concrete members is affected by AAR to approximately the same extent. Since the surface 
effects are only of a limited depth, compared to the breadth of the members, the structural 
performance is mainly dependent on the inside concrete. However, it may be desirable to 
extend the program into three dimensions and the proposed expansion model can be directly 
employed 
The application of the present program is, therefore, limited to the cases where the 
differences of concrete properties through the breath of the member can be ignored without 
introducing unacceptable errors. 
The plane stress model can be used for many site concrete structures. For example, Blight 
and Alexander investigated properties of the concrete in a beam of a portal frame in South 
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Africa. They reported that all the concrete inside the beam was more or less equally affected 
by AAR and there do not seem to be any gradients of properties that would indicate a 
progression of the reaction from the outside of the concrete towards the axis. The breadth 
of the beam was 1250 mm. 
If the program is to be used to assess the capacity of a site concrete structures, the free 
expansion, however, is not usually known accurately. The estimation of the expansion in 
site concrete still remains a subject for funher research. Since the surface cracks are usually 
subjected to the influence of many factors, see Section 2.3.3, they may not give accurate 
measure of the expansion of the interior concrete. The expansion assessment of interior 
concrete may be better conducted using petrographic or micro-structural studies. Since the 
expansion usually varies over a structure, the numerical analysis may be of assistance on the 
assessment of expansion of a structure. 
In the absence of accurate assessment of free expansion, the structural performance of an 
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Figure 6.1 Details of singly reinforced beam 
tested by Cope et al. 
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Figure 6.2(A) Finite element model for the singly 
reinforced beam. (B) Defomation at free expan· 
sion of 5 mm/m (amplifying factor 5) . (C) Top 
cracks due to induced global tensile stress in 
concrete. (D) reinforcement stresses at free 
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Figure 6.3 Comparison of expansion predictions 
for the beam tested by Cope et al using linear 
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Figure 6.4 Predicted stress distributions across 
the sections of the singly reinforced beam 
tested by Cope et al, without loading during 
conditioning. Arrow represents reinforcement 
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Figure 6.5 Estimated Young's modulus and compressive 
strength through the section of singly reinforced beam 
conditioned unloaded. 
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Figure 6. 7 (A) Finite element model for the beam condi-
tioned under load. (B) Deformation (amplifying factor 5) , 
(C) cracks due to tensile stress in concrete and (D) rein-
forcement stress due to load and AAA at free expansion 
of 5 mm/m. 
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Figure 6.6 Loading arrangement for the beam 
conditioned under load. 
Figure 6.8 Typical surface crack patterns of the 
beams conditioned a) without load and b) with load. 
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Figure 6.9 (A)Concrete principal stress contours, (B) 
concrete principal stress vectors and (C)reinforcement 
stresses predicted for the beam conditioned under 
load at free expansion of 0.4 mm/m. 
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Figure 6.10 (A) Concrete principal stress contours, (B) 
concrete principal stress vectors and (C) reinforcement 
stresses predicted for the beam conditioned under 
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Figure 6.12 (A) Concrete principal stress contours, (B) 
concrete principal stress vectors and (C) reinforcement 
stresses predicted for the beam conditioned withou1 
load at free expansion of 0.4 mm/m. 
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Figure 6.11 (A)Concrete principal stress contours, (B) 
concrete principal stress vectors and (C) reinforcement 
stresses predicted for the beam conditioned under 
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Figure 6.1 3 (A) Concrete principal stress contours, (B) 
concrete principal stress vectors and (C) reinforcement 
stresses predicted for the beam conditioned withou1 
load at free expansion of 5 mm/m. 
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Figure 6.14 Horizontal stress distributions through 
sections in the middle portion of the beam conditioned 
under load. Sign: + tension; · compression. 
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Figure 6.16 Details of the beam conditioned under 
constant load tested by Chana et al. 
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Figure 6.1 7 Comparison of the numerical results with 
horizontal expansion measured along the top of the 
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Figure 6.1 5 Zones divided according to stress status 
for beams conditioned (a) under load (b) without load. 
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COLUMN DETAILS 
TEST ARRANOE.MENT 
Figure 6.18 Details and test arrangement for the 
columns tested by Chana et al. 










Figure 6.1 9 Finite element model for the columns 
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Figure 6.20 Predicted (A) deformation (amplifying factor 
of 1 0) , (8) tensile cracks and (C) reinforcement stresses 
when the free expansion was 3.5 mm/m for column 
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Figure 6.22 Predicted load-deformation curves for the 
control column and columns with AAA conditioned with 
and without loading. Curve OF' is the image of OF moved 
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Figure 6.21 Predicted (A) deformation (amplifying factor 
of 1 0) , (8) tensile cracks and (C) reinforcement stresses 
when the free expansion was 3.5 mm/m for column 
conditioned without load. 
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Figure 6.23 Predicted failure mode for the column 
with AAR. Circle represents crushed sampling point. 
NOMINAL LOAOt: -tOOOO.O NUMBER OF LO~ 
fJ 
Figure 6.24 Failure mode of the column from tests 














Figure 6.25 Predicted crack pattern, beam 11 b tested 
by Cope et at, without AAR. 
A) Finite element model. 8) First appearance of 
tension cracks. C) Formation of the major shear 
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Figure 6.26 Predicted crack pattern with AAA. 
A) Deformation due to AAA, before load testing. 
8) Cracking due to tensile stresses caused by AAA 
expansion. C) First appearance of tension cracks in 
tension zone; the first crack appears a distance away 
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Figure 6.27 Load deflection curves for the beams 
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Figure 6.29 Numerical and experimental load-deflection 
curves of the beams tested by Bach et al in Denmark. 
The deflection measured on soffit under loading point. 
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Figure 6.30 (A) Finite element model for the beams 
tested by Bach et al. (B) Deformation at free 
expansion of 5 mm/m. 
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Figure 6.28 Details of the beams tested by Bach et al. 
Cross section 180 * 360 mm. 
FREE EXP. 5.00 mm/m. 
(A) 
.... ..,._ '11.'11. ........ ------------
I \ -\-X~------------
1 f + )(-+-----------/X X X......_ _______ ._.._ 
(B) 
1~ 1!18 1!18 1151! ~~ 1 
(C) 
Figure 6.31 (A) Concrete principal stress contours (B) 
concrete principal stress vectors and (C) reinforcement 
stresses in the reactive beam tested by Bach et al at 
free expansion 5 mm/m. All stirrups shown in (C) have 
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Flgure.6.32 Analytical bond stress distributions 
along the main tensile reinforcement in the beam 
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Flgure.6.34 Analytical load-deflection curves of 
the reactive beam tested by Bach et al, assuming 
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Flgure.6.33 Analytical bond stress distributions 
along the main tensile reinforcement in the beam 




Figure 6.3!5 Predicted crack patterns of the beams 
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Figure 6.36 Failure modes of the beams tested by Bach et al. AO is a normal 
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Figure 6.37 Details of the beam for numerical studies. 
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Figure 6.38 {A) Concrete principal stress contours, (B) 
concrete pnncipal stress vectors and (C) reinforcement 
stresses of the beam conditioned without load at free 
expansion of 5 mm/m. 
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Figure 6.39 {A)Concrete principal stress contours, (B) 
concrete principal stress vectors and (C) reinforcement 
stresses of the beam conditioned with load at free 
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Figure 6.40 (A) Deformation and (B)tensile cracks of the Figure 6.41 (A) Deformation of the beam conditioned 
beam conditioned without load at free expansion of 5 with load at free expansion of 5 mm/m. (B) shows no 
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Figure 6.44 Comparison of the beam conditioned with 
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Figure 6.45 Deflection-free expansion relationship 
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Figure 6.46 Strain distributions under increasing load. 
(A) Normal concrete beam. (B) Beam conditioned without 
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Figure 6.47 Variations of elastic modulus within the 
beam conditioned under load at free expansions (A) 
1 mm/m, (B) 3 mm/m and (C) 5 mm/m. The original 
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Figure 6.48 (A)Concrete principal stress contours 
and (B)vectors, and (C) reinforcement stresses of the 
control beam when approaching failure. 




Figure 6.49 (A)Concrete principal stress contours 
and (B)vectors, and (C) reinforcement stresses of the 
beam conditioned without load when approaching 
failure. 





Figure 6.50 (A) Concrete principal stress contours 
and (B)vectors, and (C) reinforcement stresses of the 
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Figure 8.51 failure crack patterns of (A) control beam 
(B) beam conditioned without load and (C) beam condi· 
tioned under load. 
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Chapter 7 Summary and Conclusions 
EXPANSION MODEL 
1. Analytical and nwnerical models for the expansion analysis of AAR affected concrete 
members have been derived and validated by comparing predictions with test data. 
• The expansion model is swnmarised as follows. 
a) The basic variable of AAR expansion used is the free expansion. 
b) For a given increment of free expansion, the increment of restrained AAR expansion is a 
function of the stresses in the concrete and is determined by an instantaneous stress-
expansion relationship, which remains unchanged through out the expansion process. 
Therefore, the instantaneous relationship resembles the constant stress-total expansion 
relationship. 
c) The deformation of a concrete member is made up of two parts: the restrained AAR 
expansion and the deformation due to stress. 
d) The normal stress in concrete affects only the expansion in the direction of the stress. The 
multidimensional expansions can, therefore, be calculated independently in the directions 
of the principal stresses. 
• A closed form solution has been derived for symmetrically reinforced members, using a 
tri-linear stress-expansion relationship. 
• An incremental nwnerical solution has been derived for symmetrically reinforced 
members, using a general stress-expansion relationship. 
• A linear and non-linear, plane-stress finite element solution have been derived for 
general reinforced members using a general stress-expansion relationship. 
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2. Expansion analyses predict strain and stress distributions within, and deformations of, 
affected members. The expansion analyses have shown that 
• Expansion within a member can be highly variable. 
• Induced stress distributions can be highly non-linear. 
• The value of the Young's modulus has only a limited influence on the analytical 
expansion and stress results. 
3. Comparisons of the predicted expansions using the proposed model and those using a 
simplified linear method, that could be used in standard prestressed concrete 
calculations, with the expansions obtained from tests, suggest that stress-dependency of 
the expansion is a critical feature . It is, therefore, necessary for stress dependency of the 
expansion to be included in an analysis. Simplified linear methods, which do not include 
such stress dependency of the expansion, are not appropriate for analysis, particularly at 
high level of free expansion. 
4. A relatively important parameter affecting the accuracy of analysis is the stress above 
which the expansion will be stopped. For concrete with mix proportions similar to that 
used in normal practice, such as the SERC/BRE bridge mix investigated in the present 
research, this stress is generally of the order of 4-5 N/mm2• The shape of the stress-
expansion relationship, whether it is linear or exponential, has less effect on the results 
of an expansion analysis. 
EXPERIMENTAL INVESTIGATIONS 
1. Based on the numerical studies in the early stages of the research and on the literature 
review, experimental work in a number of areas was identified as necessary for the 
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development of a nwnerical model for the analysis of AAR affected members. The data 
required included the following. 
• The influence of stress on expansion during the entire process of the expansion, 
particularly, to study the instantaneous stress-expansion relationship which is essential 
for the expansion analysis. 
• The expansion behaviour under tensile stress. 
• The stress-strain relationship of the affected concrete. 
2. Other features of AAR expansion were also investigated, including the lateral expansions 
of cylinders and size effect, compressive strength and strain at the maximwn compressive 
stress. 
3. The following conclusions are drawn from the experimental work. 
• The assumption that the instantaneous stress-expansion relationship remains unchanged 
throughout the expansion process is reasonably accurate. 
• Comparison of predicted expansions with the test results of reinforced cylinders shows 
that the expansion model is reasonably accurate. Only slight discrepancies have been 
observed between test results and nwnerical predictions. This is considered to be due to 
the variability of access to moisture of the specimens. 
• Expansion is increased with the application of a small tensile stresses. 
• The tensile strength of the concrete reduced at the commencement of the expansion. 
• Concrete compressive strength and its tangent stiffness both reduce with increasing 
expansion. 
• Ductility is increased in compression, as the strain at peak stress increases with the level 
of expansion. 
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4. Formulae to predict the uniaxial compressive strength, initial Young's modulus, strain at 
peak stress and crushing strain for the SERC/BRE bridge mix have been determined 
from the test data. These have been incorporated into a non-linear, plane-stress, finite 
element computer program. 
5. Other findings from the tests are as follows. 
• The effect of direction of casting on expansion is significant. This is shown by greater 
lateral expansions on the tops of cylinders compared to those at the bottom. This could 
be caused by a greater proportion of reactive sand in the top zone. 
• There are differences between the expansion measured on the surface of a concrete 
member and the elongation of the embedded reinforcement. 
ANALYSIS OF MEMBERS AFFECTED BY AAR 
1. Based on the expansion and material models for concrete affected by AAR obtained from 
the tests, a non-linear, plane-stress, finite element computer program has been 
developed. Analysis of members are generally carried out in three stages: pre-AAR 
analysis; expansion analysis; and, post-AAR analysis. 
2. In an expansion analysis, an incremental approach is employed to simulate the process of 
AAR expansion. The basic variable of the process is the free expansion. The analysis is 
carried out in a number of small increments of free expansion. The solution procedure 
within each step is similar to that for initial strain problems, with the restrained AAR 
expansions at concrete sampling points being the initial strains. Deterioration of the 
affected concrete is modelled by changing the stress-strain relationship for the affected 
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concrete according to the actual expansion. Updating the stress-strain relationship is 
carried out at the end of each incremental step. 
3. There were, generally, no convergence problems encountered during an expansion 
analysis, provided the increment of free expansion was small, typically 50-100 micro-
strain per step. However, convergence difficulties sometimes occurred during the post-
AAR analysis of an affected member. This is considered to be due to the localised 
instability due to the type one cracks. The solution procedure was improved by adopting 
strain-controlled to limit the growth of damage during an increment. 
4. To verify the method, a number of laboratory tested members were analysed and the 
results compared with test data. The main conclusions from the analyses are as follows. 
• Comparisons of predictions with test data show the method to yield good results. The 
characteristics of AAR affected members have generally been predicted correctly. These 
include the failure mode of columns tested by Chana; the change of ductility of the 
beams tested by Cope; the significantly increased ductility and load capacity of the 
affected beam tested by Bach and general patterns of tensile cracking. 
• Comparisons of predictions with tests on columns suggest that, to more accurately 
model members which fail in compression, the strain softening behaviour of the affected 
concrete, after the peak strain has been reached may have to be included. There are, 
however, no data available in this area. 
• Comparisons of analytical expansion results using the non-linear finite element analysis 
with those obtained using linear finite element analysis showed that the introduction of 




A nwnerical parametric study on a singly reinforced concrete beam has been conducted. 
1bis study showed that the method is able to explain, in quantitative terms, the 
mechanism behind the behaviour of members affected by AAR. Many characteristics 
predicted from the nwnerical study have been shown to exist in affected structures 
tested in laboratories or in the field. The studies showed that loading history has a 
significant influence on both the expansion and the post-AAR performance of affected 
members. 
THE SIGNIFICANCE OF THE RESEARCH 
The main objective of the research has been to develop a method for the structural analysis 
of reinforced concrete members affected by AAR. The approach developed has helped 
to improve the understanding of the effects of AAR on the structural performance of 
affected members. 
The method developed can also be of help in future research and field investigations. 
Possible applications of the present work are listed below. 
• Site investi&ation - The expansion and material deterioration within a member are likely 
to vary with position. However, currently available techniques for expansion estimation 
are not accurate enough to detect the variation of the expansion. Also, the nwnber of 
samples taken from a member should be kept as few as possible. Site investigations are, 
therefore, likely to be difficult and may generate uncertain conclusions. Because the 
method can predict possible expansion profiles and the material deterioration profiles, 
this information could be used to help investigators in determining position for coring 
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and the tests needed for a structural appraisal more efficiently. 
• Estimation of structural perfonnance - There are many uncertainties in the appraisal of 
affected structures. For example, the level of expansion of an affected member is not 
generally known accurately and the load history may not be known. In these 
circumstances, parametric studies can be carried out, using the computer program. This 
may help an investigator to identify the worst situation for a structure and assist in 
determining if remedial works are required. 
DEVELOPMENT AND FURTHER RESEARCH 
1. The expansion model can be used in a three-dimensional finite element program for 
expansion analysis. In a three dimensional analysis, it might be appropriate to 
differentiate the concrete near the surface and the concrete in the core region. 
2. The principles underlying the present material model for affected concrete are considered 
applicable to a three-dimensional model. However, to verify a three dimensional model, 
further experimental data are required. 
3. Further research required includes the following. 
• Expansion behaviour under biaxial and triaxial stresses. 
• Stress-strain behaviour of affected concrete under biaxial and triaxial stresses. 
• The influence of moisture on expansion. The properties of affected concrete connected 
with the movement of moisture are also required. 
• Determination of bond slip and capacity. 
• Determination of aggregate interlock stiffness and capacity. 
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• Detennination of dowel stiffness and capacity. 
• Methods for monitoring the internal expansion within a concrete member. 
• The method of taking cores and the testing method to determining the properties of 
concrete within a concrete member. 
• Development of a bond-slip model. 
• Development of a discrete-crack method to study shear stiffness and shear capacity. 
• The effects of creep on structures. 
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